CPHT-RR-042-0510 



(N 

O 
(N 



> 

in 



o 



Gauge Threshold Corrections for J\f = 2 Heterotic 
Local Models with Flux, and Mock Modular Forms 

Luca Carlevaro^' * and Dan Israel*' 



^Centre de Physique Theorique, Ecole Poly technique, 91128 Palaiseau, France^ 
^Institut d'Astrophysique de Paris, 98bis Bd Arago, 75014 Paris, France^ 



^ , "\? Laboratoire de Physique Theorique et Hautes Energies, Universite Pierre et Marie Curie, 

4 place Jussieu, 75252 Paris CEDEX 05, France^ 



^LAREMA, Departement de Mathematiques, Universite d' Angers, 



^ ■ 2 Boulevard Lavoisier, 49045 Angers, France"^ 



Abstract 



We determine threshold corrections to the gauge couplings in local models of A/" = 2 smooth het- 
erotic compactifications with torsion, given by the direct product of a warped Eguchi-Hanson space and 
^ ■ a two-torus, together with a line bundle. Using the worldsheet CFT description previously found and by 

suitably regularising the infinite target space volume divergence, we show that threshold corrections to 
the various gauge factors are governed by the non-holomorphic completion of the Appell-Lerch sum. 
j_j ■ While its holomorphic Mock-modular component captures the contribution of states that localise on the 



blown-up two-cycle, the non-holomorphic correction originates from non-localised bulk states. We infer 
from this analysis universality properties for A/" = 2 heterotic local models with flux, based on target 
space modular invariance and the presence of such non-localised states. We finally determine the ex- 
plicit dependence of these one-loop gauge threshold corrections on the moduli of the two-torus, and by 
S -duality we extract the corresponding string-loop and El-instanton corrections to the Kahler potential 
and gauge kinetic functions of the dual type I model. In both cases, the presence of non-localised bulk 
states brings about novel perturbative and non-perturbative corrections, some features of which can be 
interpreted in the light of analogous corrections to the effective theory in compact models. 
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1 Introduction 

Supersymmetric compactifications of the heterotic string [1] were soon recognised as a very successful 
approach to string phenomenology. A crucial role is played by the modified Bianchi identity for the 
field strength of the Kalb-Ramond two-form. It should include a contribution from the Lorentz Chem- 
Simons three-form coming from the anomaly-cancellation mechanism [2], that cannot be neglected in a 
consistent low-energy truncation of the heterotic string: 



Consistent torsionless compactifications can be achieved with an embedding of the spin connexion in the 
gauge connexion. For more general bundles, the Bianchi identity (1.1) is in general not satisfied locally, 
leading to non-trivial three-form fluxes, i.e. manifolds with non-zero torsion. These compactifications 
with torsion were explored in the early days of the heterotic string [3,4]. Their analysis is quite involved, 
as generically the compactification manifold is not even conformally Kahler. In view of this complexity, 
it is usefuU to describe more quantitatively such flux compactifications with non-compact geometries 
that can be viewed as local models thereof. In type IIB flux compactifications [5], an important role 
is devoted to throat-Uke regions of the compactification manifold, whose flagship is the Klebanov — 
Strassler background [6]. 

Heterotic torsional geometries, having only NSNS three-form and gauge fluxes, are expected to allow 
for a tractable worldsheet description. Recently, it was shown in a series of works [7-14] that worldsheet 
theories for such flux geometries can be defined as the infrared limit of some classes of (0, 2) gauged 
linear sigma models. This very interesting approach does not however allow for the moment to perform 
computations of physical quantities in these torsional backgrounds, as only quantities invariant under 
RG-flow can be handled. 

The most studied examples of supersymmetric heterotic flux compactification are elliptic fibrations 
^ 7W — > K3, where the K3 base is warped. Those backgrounds, that correspond to the most generic 
J\f = 2 torsional compactifications [15], can be equipped with a gauge bundle that is the tensor product 
of a Hermitian- Yang-Mills bundle over the K3 base with a holomorphic line bundle on For these 
geometries, that were found in [16] using string dualities, a proof of the existence of a family of smooth 
solutions to the Bianchi identity with flux has only appeared recently [17-19]. 

Considering as a base space a Kummer surface (i.e. the blow-up of a /'L2 orbifold), an interesting 
strongly warped regime occurs when the blow-up parameter a of one of the two-cycles is significantly 



d'« = a'(tr7^(Q_) A7^(^^_)-TVv-FA-F) . 



(1.1) 
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smaller (in string units) than the five-brane charge measured around this cycle, provided small instantons 
appear in the singular limit. As is shown in [20], one can define a sort of 'near-bolt' geometry, that 
describes the neighbourhood of one of the 16 resolved Ai singularities, which is decoupled from the 
bulk. To this end, a double scaling limit is defined by sending the asymptotic string coupling Qs to zero, 
while keeping the ratio gg/a fixed in string units, which plays the role of an effective coupling constant. 
It consistently defines a local model for this whole class of A/^ = 2 compactifications. More generically, 
this model can be defined for any value of the five-brane charge. 

Remarkably, as we have shown in [20], the corresponding worldsheet non-Unear sigma model ad- 
mits a solvable worldsheet CFT description, as an asymmetrically gauged wzw model. The existence 
of a worldsheet CFT first implies that these backgrounds are exact heterotic string vacua to all orders in 
a' , once included the worldsheet quantum corrections to the defining gauged wzw models. Secondly, 
one can take advantage of the exact CFT description in order, for instance, to determine the full heterotic 
spectrum as was done in [20]. It involves BPS and non-BPS representations of the M = 2 superconfor- 
mal algebra, that correspond respectively to states localised in the vicinity of the resolved singularity and 
to a continuum of delta-function normalisable states that propagate in the bulk. 

Having a good knowledge of the worldsheet conformal field theories corresponding to these tor- 
sional backgrounds allows to go beyond the large volume limit and tree-level approximation upon which 
most works on type n flux compactifications are based. In this respect, interesting quantities are gauge 
threshold corrections, as they both correspond to a one-string-loop effect, which only receives fivebrane 
instanton corrections, and are sensitive to all order terms in the a' expansion, since the compactifica- 
tion manifold is not necessarily taken in the large- volume limit (which does not exist generically in the 
heterotic case). In addition, heterotic - type i duality translates one-loop gauge threshold corrections on 
the heterotic side to perturbative and multi-instanton corrections to the Kahler potential and the gauge 
kinetic functions on the type I side. In this respect, provided a microscopic theory is available for a 
given heterotic model, the method of Dixon-Kaplunovsky-Louis (DKL) is instrumental in retrieving 
(higher) string-loop and Euclidean brane instanton corrections to these type I quantities, from a one-loop 
calculation on the heterotic side, even when the type I S-dual model is unknown. 

This perspective looks particularly enticing from the type I vantage point, since although remarkable 
advances have been accomplished to understand the perturbative tree-level physics of flux compactifica- 
tions [21], non-perturbative effects and string-loop corrections continue to often prove fundamental to Uft 
remnant flat directions in the effective potential or ensure a chiral spectrum. Thus, although progresses 
are still at an early stage, the role of Euclidean brane instanton corrections in central issues such as mod- 
uli stabilisation [22-24] and supersymmetry breaking [25-28] have been intensively studied. In addition, 
non-perturbative effects can also induce new interesting couplings in the superpotential [29-40], while 
both instanton [41] and string-loop corrections [42] to the Kahler potential of the effective theory prove 
to be useful to address the problem of the hierarchy of mass scales in large volume scenarii [43,44]. 

For all the above reasons, it appears as particularly appealing to be able to explicitly compute one- 
loop heterotic gauge threshold corrections and determine their moduli dependence for a smooth heterotic 
background, incorporating back-reacted NSNS flux. To this end, we consider in the present paper a 
family of non-compact models giving a local description of the simplest non-Kahler elUptic fibration 
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^ — )• K3, where the fibration reduces to a direct product. Locally, the geometry is given by 
X EH, where EH is the warped Eguchi-Hanson space. These N = 2 heterotic backgrounds also 
accommodate line bundles over the resolved of the Eguchi-Hanson space, corresponding to Abelian 
gauge fields which, from the Bianchi identity (1.1) perspective, induce a non-standard embedding of 
the gauge connection into the Lorentz connection. For the Spin{32)/Z2 heterotic theory, the exact CFT 
description for the warped Eguchi-Hanson base with an Abelian gauge fibration has been constructed 
in [20] as a gauged wzw model for an asymmetric super-coset of the group SU{2)k x S'L(2,]R)fc, for 
which an explicit partition function can be written. 

The presence of a line bundle in these non-compact backgrounds breaks the 50(32) gauge group 
to SO{2m) X SU{nr) x U{iy-'^ with m + Y,^ni = 16, while the r*^ U{1) factor is generically 
lifted by the Green-Schwarz mechanism. One-loop gauge threshold corrections to individual gauge 
factors can be determined by computing the elliptic index constructed in [45], which we call modified 
elliptic genus as it corresponds to the elliptic genus of the underlying CFT, with the insertion of the 
regularised Casimir invariant of the gauge factor under consideration. Since the microscopic theory for 
such heterotic x EH backgrounds contains as a building block the M = 2 super-Liouville theory, a 
careful regularisation of the target space volume divergence has to be considered. This concern is also 
in order for the partition function, for which a holomorphic but non-modular invariant regularisation 
is usually preferred, as it results in a natural expression in terms of SL{2,'R)k/U{l) characters. For 
the elliptic genus in contrast, the seminal work [46] has shown that the correct regularisation scheme 
based on a path integral formulation is non-holmorphic but preserves modularity. In particular, it has 
the virtue of taking properly into account not only the contribution to the gauge threshold corrections of 
states that localise on the resolved of the warped Eguchi-Hanson space (constructed from discrete 
SL{2,W)k/U{l) representations), but especially the contribution of non-localised bulk states, which 
compensates for an otherwise present holomorphic anomaly. 

Taken separately, the SL{2,'R)k/U{l) factor in the localised part of the threshold corrections thus 
transforms as a Mock modular form, i.e. a holomorphic form which transforms anomalously under S- 
transformation, but can be completed into a non-holomorphic modular form, also known as a Maafl 
form, by adding the transform of a what is commonly called a shadow function. The concept of Mock 
modular form ^ goes back to Ramanujan, but a complete classification of such functions and a definite 
characterisation of their near-modular properties has only been achieved recently by Zwegers [47], de- 
spite many insightful papers written since the twenties on Ramanujan's examples (see references in [48]). 
Recently, Mock modular forms have found their way in string theory. They have in particular been used 
to address issues central to wall-crossing phenomena for BPS invariants for systems of D-branes [49], 
and to deriving a reliable index for microstate (quarter-BPS state) counting for single- and multi-centered 
black holes in = 4 string theory [50] (see also in the same line more mathematical works [51,52]). 
They also appeared in the computation of D-instanton corrections to the hypermultiplet moduli space of 
type II string theory compactified on a Calabi-Yau threefold [53], and in the investigation of the mys- 
terious decomposition of the elliptic genus of K3 in terms of dimensions of irreducible representations 
of the Matthieu group M24 symmetry [54-59]. The theory of Mock modular forms is finally at the core 

'or Mock theta functions as he calls them in a letter to Hardy 



4 



of infinite target space volume regularisation issues in non-compact CFTs [46, 60-63], which directly 
concerns the calculation of gauge threshold corrections tackled in this paper 

In the present analysis, we will in particular focus on a family of heterotic torsional local models 
supporting a hne bundle 0{1)(B0{£) with gauge group 5*0(28) x [/(I) (which is enhanced to 50(28) x 
SU{2) when i = 1). The regularised threshold corrections to the these gauge couplings are shown to 
be given in terms of weak harmonic MaaB forms based on the non-holomorphic completion of Appell- 
Lerch sums, a major class of Mock modular forms treated by Zwegers. A deeper physical insight into 
the shadow function featured in the bulk state contribution is achieved by investigating the ^ = 1 model, 
whose interacting part enjoys an enhanced (4, 4) worldsheet superconformal symmetry. We observe 
in this particular case that localised effects splits on the one hand into ^/x{K3) of the gauge threshold 
corrections for a x K3 model, for which there is a rich literature [64-69], and on the other hand 
into a Mock modular form F{t) encoding the presence of warping / NSNS flux threading the geometry. 
The non-holomorphic regularisation mentioned above dictates a completion in terms of non-localised 
bulk states which leads to the harmonic MaaB form F{t) = F{t) + g*{T), where g{T) is the shadow 
function determined from a holomorphic anomaly equation for F. Now, some local models such as the 

X EH background considered here have a non-trivial boundary at infinity, allowing for non- vanishing 
five-brane charge, which would globally cancel when patching these models together to obtain a warped 

compactification on x KZ. The appearance of the MaaB form F thus results from the combination 
of the non-compactness of the space (with boundary) and the presence of flux with non-vanishing five- 
brane charge, both things being somehow correlated. This analysis can then be generalised to the £ > 1 
models. However, because of reduced worldsheet supersymmetry the interpretation in terms of 
modified elliptic genera is lost for these theories. 

We then carry out a careful analysis of the polar structure of the modified elliptic genus determining 
these gauge threshold corrections, which shows that they share the same features with respect to unphysi- 
cal tachyons and anomaly cancellation as well-known M = 2 heterotic compactifications. This allows us 
to identify some universality properties for AA = 2 heterotic local models with non-localised bulk states. 
It also sets the stage to compute explicitly the dependence of these gauge threshold on the moduli, for 
the 0{1) © 0{1) model taken as an example. The modular integrals can by performed by the celebrated 
orbit method, which consists in unfolding the fundamental domain of the modular group against the 
lattice sum. From these threshold calculations we recover in particular the ^-functions of the effective 
four-dimensional theory, in perfect agreement with field theory results based on hypermultiplet counting, 
previously performed by constructing the corresponding massless chiral and anti-chiral primaries in the 
CFT [20]. 

We then consider the type I S-dual theory. Contrary to usual orbifold compactifications half D5- 
branes at the orbifold singularities are absent from these local models as the Ai singularity is resolved 
and anomaly cancellation is ensured by U{1) instantons on the blown-up P^. We proceed to extract 
the perturbativeand non-perturbative corrections to the Kahler potential and the gauge kinetic functions, 
by the DKL method. The contribution from states that localise on the resolved two-cycle yields cor- 
rections similar to those expected for compact models, which separate into string-loop corrections and 
multi-instanton corrections due to EI instantons wrapping the T^. In addition, as for the original het- 
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erotic gauge threshold corrections, non-localised bulk modes bring about novel types of corrective terms, 
both perturbative and non-perturbative, to the Kahler potential and the gauge kinetic functions. Though 
recently gauge threshold corrections for local orientifolds in type IIB models have been successfully com- 
puted [70,71], this is to our knowledge the first such calculation carried out for local heterotic models 
incorporating back-reacted NSNS flux, determining ail-inclusively all perturbative and non-perturbative 
corrections originating from both localised and bulk states. 

In order to be able to make sensible phenomenological predictions, one should of course properly 
engineer the gluing of sixteen of these heterotic local models into a x K3 compactification, which 
would give us a proper effective field theory understanding of bulk state contributions. This could be of 
particular interest, on the dual type I side, to clarify the role of these novel bulk state contributions we 
find in El-instanton corrections, which include an infinite sum over descendants of the modified elliptic 
genus, as functions of the induced moduli. These could then be put into perspective with super- 
gravity [72, 73] or field theory [36] calculations of Euclidean brane instanton corrections for compact 
models. 

This work is organized as follows. In section 2 we define the heterotic supersymmetric solutions of 
interest, and recall their worldsheet description. In section 3 we set the stage for the threshold corrections 
and provide general aspects of the latter. In section 4 we compute the modified elhptic genus that enters 
into the modular integral. Finally in section 5 we compute the integral over the fundamental domain in 
order to recover the moduU dependence, and discuss in section 6 the type I dual interpretation in terms of 
perturbative and non-perturbative corrections. Some material about superconformal characters, modular 
form, and some lengthy computations are given in the various appendices. 

2 Heterotic flux backgrounds on Eguchi-Hanson space 

In this section we briefly descripe the heterotic solution of interest, for which the threshold corrections 
computations will be done, both from the point of view of supergravity and worldsheet conformal field 
theory. 

2.1 The geometry 

We consider a family of heterotic backgrounds whose transverse geometry is described by the six- 
dimensional space A4q = X eh, where the four-dimensional non-compact factor EH is the warped 
Eguchi-Hanson space, the Eguchi-Hanson space (eh) being the resolution by blowup of a C^/Z2, or 
Ai, singularity. It provides a workable example of a smooth background with intrinsic torsion induced 
by the presence of NSNS three-form flux. In the following, we will be concerned with the heterotic 
Spin{32)/Z2 theory, but our results can be straightforwardly extended to the £^8 x Eg gauge group. 

The two-torus is characterised by two complex moduU, the Kahler class and the complex structure, 
which we denote respectively by T and U, related to the string frame metric and B-field as: 



T = Ti + iT2 = 



Bi2 + Wdet G 
a' 



U = Ui + iU2 = 



Gi2 + Wdet G 
G^i 



(2.1) 
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Accordingly, the full six-dimensional torsional geometry takes the form: 

dsi = ?7^^ dxV + ^ \dx^ + Udx^\^ + H{r) dsl^ . (2.2) 

where the torus coordinates have periodicity (x^ , , x^) ~ (x^ + 27r, , x^ + 27r) and the A\ space is locally 
described by the Eguchi-Hanson (eh) metric: 

here given in terms of the SU (2) left-invariant one-forms: 

a\ = sin ipdO — cos -0 sin d<^ , = — ( cos tpdO + sin -0 sin ^ d^) , = dtp + cos d0 , 

(2.4) 

with ^ G [0, tt] and (j), 4> E [0, 27r]. Note in particular that the i/j coordinate runs over half of its orig- 
inal span, since for the EH space to be smooth, an extra Z2 orbifold is necessary to eUminate the bolt 
singularity at r = a. 

The EH manifold is homotopic to the blown-up resolving the original C'^ /Z2 singularity. This 
two-cycle is given geometrically by the non- vanishing two-sphere dspi = ^ (d^^ -|- sin^ 6 d^^) and is 
Poincare dual to a closed two-form which has the following local description: 

uj = -—d(^^, with / oj = l, and / ujAuj = -^. (2.5) 

In particular, the last integral yields minus the inverse Cartan matrix of Ai, as expected for a resolved 
ADE singularity. The second cohomology thus reduces to H^'^{M-eh), as it is spanned by a single 
generator [uj], given by the harmonic and anti-selfdual two-form (2.5). Globally EH can hence be shown 
to have the topology of the total space of the line bundle Opi (—2). 

2.2 The heterotic solutions 

The six dimensional space (2.2) can be embedded in heterotic supergravity, with a background including 
an NSNS three-form ^ H and a varying dilaton: 

e^*«=5fi^(r)=,.^(l + ^) , (2.6a) 

H = -H *EH dH = 4a' (^1 - Vo^^^) , (2.6b) 

where Q5 is the charge of the stack of back-reacted NS five-branes wrapped around the which are 
recovered in the blowdown limit, opening a throat at r = 0. When the Ai singularity is resolved the NS 
five-branes are no longer present and we obtaine a smooth non-Kahler geometry threaded by three-form 
flux, with non- vanishing five-brane charge Air'^a'Q^ = — J~ T-L due to the boundary dM^vi = M^^- 

*The volume of the three-sphere is given in terms of the Euler angles as follows: Vo^S^) = g ai A cr2 A as = | d(cos 9) A 
A(t> A dip. 
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This background preserves Mst = (0, 24), resulting from the existence of a pair of Spin{6) spinors 
e*, i = 1, 2 constant with respect to only one of the two generalised spin connections = ^15"^ =t 

2"- b- 

+ i V^rafe)e' = 0, i = l,2, (2.7) 
where /j, and a, 6 are six-dimensional space and frame indices respectively. 

Bianchi identity and line bundle In addition to satisfying the supersymmetry equations, anomaly 
cancellation requires a heterotic background to solve the Bianchi identity: 

dn = -a' (ttvT at- tr 7^(^_) A 7^(^^_)) . (2.8) 

For non-zero fivebrane charge Q5 the NSNS three-form (2.6b) is not closed. A non-standard embedding 
of the Lorentz connection into the gauge connection has therefore to be used to satisfy the Bianchi 
identity. This can be achieved by considering a multi-line bundle 

16 

/: = 0Opi(4) (2.9) 

a=l 

where the individual line bundles, labelled by a, are embedded in an Abelian principal bundle valued 
in the Cartan subalgebra of 50(32). The resulting heterotic gauge field, characterised by a vector of 
magnetic charges (or 'shift vector') £, reads: 

16 

J-= -27rw^4H% H° e f)(50(32)) with TrH"H^ = -2(5"^ (2.10) 

a=l 

Since the above gauge field is along the anti-selfdual and harmonic two-form of EH, it satisfies the 
Hermitian Yang-Mills (or Uhlenbeck-Donaldson-Yau) equations: J^T = and = = 0. 

Hence it does not further break the existing spacetime supersymmetry of the background. 

Furthermore, it solves the Bianchi identity (2.8) in the regime where the gravitational contribution is 
neghgible, i.e. in the large five-brane charge limit : 

25 = -^^-7/ H = /'»l. (2.11) 

As we will see later on, in a specific double-scahng limit of the metric (2.2) the background (2.6) admits 
an exact worldsheet CFT description, even beyond this large-charge limit. 

Beyond the large-charge approximation, one can consider corrections resulting from the integrated 
Bianchi identity, which are captured by the tadpole equation: 



-Ari f [(d7^ + a (TrvJ"A J•-tr7^(0_) A7^(^^_)) 



=^ Q5=^2_g (2.12) 



This is particular determines the allowed shift vectors for a given five-brane charge, and the resulting 
breaking of the gauge group. 

In addition to the tadpole equation, dictated by anomaly cancellation, two more constraints restrict 
the value of the shift vector i, namely: 



8 



i) a Dirac quantisation condition for the adjoint representation of SO{32), requiring the integrated 
first Chern class of the line bundle C to have only integer or half-integer entries corresponding to 
bundles with or without vector structure respectively: 

£ G Z^^ , =^ bundle with vector structure 

16 ^^-^^^ 

^ G (Z + ^) ^ bundle without vector structure 

ii) a so-called 'K-theory' condition which must be further imposed on the first Chem class of C to 
ensure that the gauge bundle admits spinors: 

ci(>C) G ii"2(EH,2Z) ^4 = mod 2. (2.14) 

a 

2.3 The double-scaling limit 

We will now introduce a consistent double-scaling limit of the torsional background (2.2)-(2.6), which 
decouples the bulk physics from the physics in the vicinity of the resolved Ai singularity: 



g,^0 , x = ^lXJ^ fixed. (2.15) 
a 

This specific regime isolates the dynamics near the blownup two-cycle, but still keeps the singularity 
resolved. In particular if we wrap five-branes around the two-cycle, their tension will be proportional 

to Vol(P^)/(/^ and thus held fixed, so that no extra massless degrees of freedom appear in the double 
scaling limit. This procedure results in an interacting theory whose effective coupling constant is set 
by the double-scaling parameter. Interestingly enough, it has been shown in [20] that in this hmit the 
heterotic fluxed background admits a solvable CFT, which we will introduce shortly. 

The resulting near-horizon geometry arising in this regime can best expressed in the new radial 
coordinate cosh p = {r/a)"^: 

«'^2 I . 1 . :r.. 2|2 . a'Qb 



dsl = ri^, Ax^Ax^ + ^ Idx^ + C/dx'l' + ^ dp' + {a\f + {a^f + tanh' p {a\f 

U2 2 1 



(2.16) 



Furthermore, while the dilaton is affected by the near-horizon Umit, the gauge field and the three-form, 
which are localised respectively on the blown-up two-cycle and on the RP^ boundary of EH, remain 
untouched. Their formulation in the new coordinate are: 

n = -Aa'Q, tanh' p Vol(53) , e2*('') = (2.17a) 

cosh p 

16 

T= —(iwhpdp^a\-a\^a\^) V^H". (2.17b) 

2 cosh p^ ' ^ 

a=l 

Finally, the tadpole equation correcting the five-brane charge is also modified: 

Q5|n.h. =/'-4. (2.18) 

The change with respect to expr. (2.12), namely the jump of —2 units in the integrated first Pontryagin 
class of the six-dimensional manifold, is due to the decoupling of the boundary of the space, because of 
the now asymptotically vanishing conformal factor 
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2.4 The worldsheet CFT description 

The exact CFT description for the double-scaUng Umit of the heterotic background (2.16)-(2.17) for a line 
bundle 0^=i Opi(£a) satisfying the tadpole equation (2.18) has been derived in [20]. The interacting 
part is given by an asymmetrically gauged SU{2)k x SL{2, M.)^! super- wzw model with jV^s = (0, 1) 
worldsheet supersymmetry: 

{SU{2)k/Z2) X SL{2,R)k> 

U{1)l X U{1)r ■ ^ ■ ^ 

The gauging in this theory is asymmetric and results from acting on the group elements {gi, §2) G 
SU{2) X SL{2,R) as follows: 

{91, 92) ^ (sie^'^^", e-^^ffse^'^^") (2.20) 

The SU{2)k factor is also modded out by the Z2 action I : gi —gi, which leaves the current algebra 
invariant. This orbifold is at the CFT level the algebraic equivalent of the geometric Z2 orbifold reducing 
the periodicity of the angular coordinate ^pto [0, 27r] (see section 2.1). The 16 left-moving Weyl fermions 
are also minimally coupled to the worldsheet gauge fields with charge {£i, i = 1,. . . , 16}. 

In order to obtain a gauge-invariant worldsheet action the following conditions on the levels of the 
affine superconformal algebras are obtained: 

k' = k, k = 2{P-l). (2.21) 

In particular, we recognise in the second constraint the CFT equivalent of the tadpole equation (2.18). 
To simplify the notations and the computations we will restrict to t/(l)^ bundles with shift vector £ = 
(1,^,0^'^). In this subclass of models the left superconformal symmetry of the SL{2,R)/U{1) factor 
is enhanced to M^s = 2. For this specific choice of shift vector, the condition (2.21) fixes k = 2£^. 
The K-theory condition (2.13), in this case, restricts £ to be an odd-integer (as we shall see below, this 
condition is also needed in the CFT). 

Integrating out the worldsheet gauge fields classically, one finds a non-linear sigma model [20] whose 
background metric, B-field and dilaton exactly reproduce the double-scahng limit of the torsional back- 
ground of interest, given in eq. (2.17). 



One-loop partition function 



To write down the partition function for Spin{32)/Z2 heterotic strings in the torsional background (2.17) 
we combine the partition function for the four-dimensional coset CFT with the flat space-time part (in 
the light-cone gauge), the remaining 28 free left-moving Majorana-Weyl fermions and a toroidal lattice, 
written in the Lagrangian formulation: 



r2,2(r,c/) 



72 
T2 



E 



exp 



27rzrdet^ 



7rT2 

T2 U2 



;i, u) A 




(2.22) 



ni,n2,mi,m2 

where the matrix A encodes the topologically non-trivial mapping of the string worldsheet onto the 
target-space torus: 

ni mi \ 
n2 m2l 



A = 



Hi, nii E i = 1,2. 



(2.23) 
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The representations that appear in the spectrum of the coset theory (2.19) are labelled in particular 
by the spin of SL{2, M) irreducible representations, that fit into two classes: 



• a discrete spectrum of normaUsable states localised on the blown-up two-cycle at the resolved Ai 



singularity. These are labelled by a real spin J, which runs over the range: i < J < 



k+l 



The 



corresponding coset representations are BPS and have massless ground states. We will denote their 
contribution to the partition function by T^. 

• a continuous spectrum of (5-function normalisable states, which Uve in the weakly coupled asymp- 
totic region ^ — > oo. They are labelled by a continuous SL{2, M) spin J = ^ + iP, with P G M"*" 
and correspond to non-BPS massive representations in the coset. We denote their contribution to 
the partition function by Tg. 

Combining all together, we obtain the total partition function for all models with line-bundle Opi (1) © 

Opi(£): 



Id + Te 

dVr2,2(r,c/) 1 



L 



-7-3 



111' 



5E 

a,b=0 



1 k-2 



m 



7,5=0 2j=0 



-2i-l)l 

2 



1 



u,v=0 



2j+(|-i)7) ^ c: 



(2.24) 



r? 



14 



The contribution to the partition function (2.24) of the compact part of the coset CFT decomposes, 
on the left-moving side, into the affine characters Xj._2 of the bosonic SU{2)k-2 (A.3) affine alge- 
bra, and on the right-moving side, into the super-parafermion characters Cm [^] of the supersymmetric 
SU{2)k/U{l) (A.13). The contributions from SL{2,R)k/U{l) characters withA^ws = (2, 2) supercon- 
formal symmetry are repackaged in expression Fm [5] [^] ■ Localised states, in particular, are captured 
by the following partition function for discrete SL{2, M.)k/U{l) representations: 



a 




u 


_6 




V 



2J=1 



5;Chd(J,f -J-l) ? ^e--("+t)chd(J,^(n+|)-J-|) 



X °2J-m+a,0 °2J-{e-l)u,0 ■ 



(2.25) 



with (JPl the mod-two Kronecker symbol.' We refer the reader to Appendix A for the definition of ex- 
tended characters for discrete (A.21) and continuous (A.22) SL{2, M.)k/U{l) representations. It should 
also be pointed out that when the SU{2)/Z2 orbifold is combined with the projection by the mod-two 
Kronecker symbol <^2j-(^-i)u ™^ K-theory condition (2.13), representations with half-integer spin 
are projected out. 



'Note that we have included in the above partition function contributions from the 'boundary' representation J = 1/2. It 
will be in practice projected out in the partition function with all other half-integer spin states of SL{2, R)k/U{l) but we 
nevertheless include it to make the connection with the elliptic genus of the orbifolded super-Liouville theory more palpable. 
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The contribution of (5-function normalisable bulk states is encoded in the partition function for con- 
tinuous SL{2,R)k/U{l) representations: 



a 




u 




p 




V 


-L 



dp Chc{\ + ip, 



e-^'^"("+t)chc(i+ip,%+f)) 



(2.26) 



Regularisation of the infinite volume divergence: The decomposition of the partition function (2.24) 
in terms of characters of discrete and continuous representations of the chiral M^s = 2 superconfor- 
mal algebra results from adopting a particular regularisation scheme of the infinite volume divergence 
in target-space.^ This regularisation preserves holomorphicity of the characters; however, as the infi- 
nite volume divergence caimot be factored out as the volume of a symmetry group, it breaks modular 
invariance. Although characters for discrete and continuous representations separately close under a 
T-transformation, they mix under under an S-transformation. Schematically we have: 

s 



(continuous rep.) 

s 



(discrete rep.) + (continuous rep.) 

s 



(discrete rep.) 

(continuous rep.) (2.27) 

(identity rep.) (discrete rep.) + (continuous rep.) . 

Therefore, the full partition function (2.24) is not modular invariant, but the continuous representation 
term is on its own. 

From now on, the one-loop gauge threshold corrections (3.1) that we will tackle shortly can be 
formulated in terms of a modified supersymmetric index, similar in spirit to the elUptic genus of the 
microscopic theory, for which a different kind of regularisation should be prescribed, which is modular 
invariant but not holomorphic [46]. 



Slowdown limit 

From the perspective of a correspondence between geometrical (supergravity) and algebraic (CFT) data, 
we observe that the contribution from discrete representations locahses at the bolt of the manifold and 

is thus related, on the geometric side, to the resolution of the Ai singularity. Consequently, the blowdown 
limit of the space (2.16) will be described at the microscopic level only by continuous representations in 
Tc. This is actually in keep with the fact that Tc is by itself modular invariant, while extended characters 
for it discrete representations do not close under the action of the modular group, and in particular 
transform into discrete + continuous extended characters under S'-transformation. 

Correspondingly, in the a — )■ limit of the supergravity solution (2.6), we see genuine coincident 
heterotic fivebranes transverse to the Ai singularity emerging, for which the Tg partition function gives a 
microscopic description of the near-horizon geometry. The corresponding worldsheet theory is actually 
a Z2 orbifold of the Callan-Harvey-Strominger (CHS) solution [75], together with a Unear dilaton of 
charge Q = ^/ojaf^ : 

R^'^ X X Rq X SU{2)k/l2 . (2.28) 

*To be more precise, this regularisation leads in principle to a non-trivial regularised density of continuous representations, 
see [74]. However this is not necessary for our present purpose, which is to summarise the full string spectrum in a compact 
way. 
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2.5 The massless spectrum 

The partition function (2.24) gives the full spectrum of heterotic string on warped Eguchi-Hanson space 
endowed with the line bundle consisting of two U{1) instantons with magnetic charges one and £. The 
unbroken gauge group G is the commutant of U{l)i x J7(l)^ in 50(32). It contains two Abehan 

factors, but only one of them, corresponding to the left U{l)ji of the SL(2, R) /U{1) super-coset, remains 
massless. The orthogonal combination, whose embedding in 50(32) is given hy £ ■ H, is lifted by the 
Green-Schwarz mechanism. Thus for ^ / 1 the actual massless gauge group is G = <S'0(28) x U {1)r. 
When £ = 1, it is enhanced to G = 50(28) x SU{2). 



e 


Untwisted sector 


Twisted sector 


Gauge bosons 


(1,1, 0^^) 


(28,2) 
2(1,1) 




Massive U{1), mass m = . 
50(28) X SU{2), non-normalisable. 


(1,^0^4) 
^ G 2N* + 1 


28_i + 28i 

e 

lo + li_i 


28i + 28 1 

e 

lo + li_i 


Massive U{1), mass m = -r^r^^ ■ 
50(28) X U{1)r, non-normaUsable. 



Table 1: Spectra of hypermultiplets and gauge bosons for models with integer shift vectors £ = (1,^,0^^). 

In table 1 the complete list of massless hypermultiplets charged under G is given for the i = 
(1, £, 0^^) theories. Generically, these states are constructed by tensoring the combination [(c, c) + (a, a)] 
of right-moving chiral and anti-chiral primaries of the supercosets ^^^^^^^'^ with either a chiral 

or anti-chiral left-moving primary c„/t or a^/^ of ^^-^jy^, in the untwisted (u label) or twisted (t label) 
sector of the Z2 orbifold (2.19). The detailed CFT construction of these states can be found in [20]. 

These hypermultiplets of d = 6, AT = 1 supersymmetry obtained by 'compactification' of heterotic 
strings on the warped Eguchi-Hanson space are supplemented by the extra multiplets coming from the 
compactification on to d = 4. The latter, being neutral, do not contribute to the threshold corrections 
discussed below. 

In the particular case of 'minimal' magnetic charge £ = 1, the left superconformal symmetry is 
enhanced to A/^ = 4, hence the U (1) r worldsheet R-symmetry is enhanced to SU {2)i. Since in this case, 
the action of the Z2 orbifold is trivialised, hypermultiplets coming from its twisted sectors are altogether 
absent, while the 'untwisted' hypermultiplets organise into a doublet and two singlets of SU {2)i. In 
the other cases, i.e. for £ G 2N* + 1, the emergence of twisted sectors of the Z2 orbifold enhances the 
spectrum of hypermultiplets. 

Worldsheet non-perturbative effects 

The 'K-theory' constraint (2.14) is actually a necessary condition for the CFT (2.19) to make sense, 
as was shown in [20]. The super-coset SL{2,R)k/U{l) worldsheet action receives non-perturbative 
corrections in the form of a dynamically generated A/^s = (2, 0) Liouville potential. In the present 
case, the corresponding vertex operator is given by the hypermultiplet which is an uncharged singlet of 
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SO{32) and belongs to the twisted sector of the Z2 orbifold (cf. table 1), making the latter mandatory ^. 
Requiring this particular operator to be both orbifold and GSO-invariant further imposes respectively 
that k = 2 mod 4 and ^ • = 1 + ^ = mod 2, hence the ^ G 2N* + 1 condition in table 1, the latter 
being nothing else than the K-theory constraint (2.14). 



3 Threshold corrections and the eUiptic genus: general aspects 

We consider a generic compactification of the heterotic string theory to four dimensions, with Mst 
space-time supersymmetry and an unbroken gauge group G = na<i6 *^ -90(32). 
The one-loop correction to the gauge coupling constants takes the generic form: 



5a (M^ 



1-loop 



^4>o<f)-^«. (3.1, 



where L is the linear multiplet associated to the dilaton, Mg is the string scale, /i an infrared cutoff that 
will be discussed below later, M the compactitication moduli and ka the Kac-Moody levels determin- 
ing the normalisation of the gauge group generators. One can alternatively express (3.1) in terms the 
complexified axio-dilaton S multiplet by using the relation: 

L-^=lmS- iA„niv(M,M) , (3.2) 

with Auniv a universal (group independent) function of the moduli. 

The /3-function coefficients 6a are given by a fixed linear combination of the quadratic Casimir in- 
variants of the gauge group. For Mst = 2 theories, when is non-AbeUan, these coefficients are 
determined by 

ba = 2j2nR Ta{R) - 2 r„(Adj J , (3.3) 

R 

where riR counts the number of matter multiplets in the representation R of Ga. 
When one of the gauge factors Ga is Abelian, its /3-function is given by 

bum = 2 ^ dim(R) , (3.4) 

R 

in terms of the U{1) charges Qr, of the representations of the non- abelian factors Ga which appear in 
the hypermultiplet spectrum and the respective normalisation -qn of their generators. Typically, hyper- 
multiplets which are singlets of Ga will not contribute to (3.3) but will appear in (3.4) . 



3.1 The modified elliptic genus 

Heterotic AC,t = 2 gauge threshold corrections are determined at one-loop by a properly regularised 
three-point function in the worldsheet CFT on the torus, integrated over the fundamental domain of the 

'Note that for the £ = (1^, O'^'*) model, the Liouville potential is still present, despite the trivialisation of the Z2 orbifold. 
In this case, the corresponding operator sits in the same (1, 1) hypermultiplet as the dynamical current-current deformation 
triggering the blowup. 
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modular group PSL(2, Z): 



:r= <ir G%| < i |t| ^ 1J> , (3.5) 



where Oi is the upper half complex plane. 

The non-universal part of the threshold (3.1) is the given by the integral over 9^ of a modification of 
the supersymmetric index introduced in [45,76,77] 

A„ = — log ^ + — = - / Ba{T) , (3.7) 

given by a descendant of an elliptic index modified by the insertion of the (regularised) Casimir operator 
of the corresponding gauge group factor: 



(3.8) 

i7=0 



where { J*, i = 1, • • • , 16} denote the Cartan currents of 5*0 (32) i. The trace in Ba projects onto the 
ground states of the right-moving twisted Ramond sector of the internal six-dimensional (c, c) = (22, 9) 
CFT. Also, the insertion of the total right-moving U{l)j^ current zero-mode Jq is there to remove the 
extra zero-modes coming from the two-torus CFT which would otherwise make the index (3.8) vanish 
altogether. 

The quantity 13a only depends on the topology of the manifold and of the gauge bundle. In particular, 
if we remove the regularised Casimir operator in expression (3.8), —irfBa reduces to an elliptic general- 
isation of the Dirac-Witten index [76, 77], counting the difference between vector- and hypermultiplets 
(and including non-physical states violating the level matching condition, which are required by modular 
invariance of the index). This elUptic genus is thus stable under an arbitrary chiral marginal deformation 
and is as such invariant under deformations of the hypermultiplet moduli. 

We remind that the ^ term in (3.8), which results from a modular invariant regularisation of world- 
sheet short distance singularities appearing when two vertex operators collide, has no analogue in QFT ' ^ . 
In string theory this term, which is in fact universal, contains in particular the gravitational corrections to 
the gauge couplings. 



'"Another procedure for computing the non-holomorphic modular form Ba is the so-called background field method, where 
a magnetic B-field is turned on along two of the spatial directions in four-dimensional Minkowski space. Expanding in the 
weak field Umit the one-loop vacuum energy in powers of B, we recover the gauge threshold corrections (3.7) as the quadratic 
term in the expansion, the zero order term vanishing because of supersymmetry. We then obtain in the DR renormalisation 
scheme: 

b 



4-ITT2 



(r) , (3.6) 



((-,0)7^(1,1) 

where Z [^] is the partition function of the internal six-dimensional theory. This procedure is however not very handy in our 
case, where zv-derivatives of SL{2,'M.)k/U{l) characters lack most of the useful identities enjoyed by characters of the cfts 
associated to heterotic toroidal orbifold compactifications. 

"Such a term originates from a loop of charged or uncharged string states coupling universal to two external gauge bosons 
via the dilaton, and corresponds to one-particle reducible diagram [78]. 
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In the class of models coming from a toroidal reduction of a six-dimensional compactification, one 
can further simplify the expression (3.8) by using the decomposition of the right U (1)^ current as 



J^ = f + 2J^, (3.9) 

the former being the R-current of the free AAvs = (0, 2) CFT^^ and the latter being the Cartan of the 
6*^7(2)1 R-symmetry of the remaining interacting CFT with (c, c) = (22, 6) which has an A/'ws = (0, 4) 
extended superconformal symmetry. 

It can be shown that for any representation (/i, /) of the right-moving A/'ws = 4 and c = 6 supercon- 
formal algebra (see appendix B.2), the following trace vanishes: 

Tr^(22.6)e2^^-^o q^o-Jiq^o-^ = Q . (3.10) 

for both the continuous and discrete spectrum of states, since discrete representations come in opposite 
pairs of eigenvalues under Jg and since for continuous representations (B.12) expression (3.10) contains 
factors 6'i(T|0)6'-(T|0) withi = 1,4 which vanish. 

Hence, using the decomposition of the left R-current (3.9) in the index (3.8) one obtains that the 
one-loop gauge threshold corrections factorise as follows: 

^« = J / — r2,2(r, U) Aa{T) . (3.11) 

The contribution of the four-dimensional warped EH space and of the the gauge bundle is now encoded 
in a non-holomorphic Jacobi form obtained by projecting the trace over the Hilbert space of the theory 
onto the right-moving twisted Ramond ground state of the (c, c) = (20, 6) CFT: 

Mr) = ^Jr^.o., ( [qI - A_] e--^ ,^o-i,-Lo-|) . (3.12) 
Universality otM = 2 threshold corrections 

It has been often emphasised how universal features of Mst = 2 heterotic gauge threshold corrections 
can be completely determined on the one hand by requiring the absence of tachyons and cancellation of 
tadpoles, and on the other hand from the global symmetries dictated by the background geometry [80,81]. 

Thus, by considering its x (T^/G) orbifold limit, with G inducing a breaking of the 50(32) 
gauge group to G = Ha^ie ^o.' '^^^ show that the one-loop threshold corrections to the gauge 
couplings for the corresponding resolved heterotic x K3 compactification are fixed uniquely by 
the following hnear combination [78]: 

^» = ^ / — r2,2(r, U) {kaC + 2ba) (3.13) 



'^The jf) insertion in the trace absorbs the zero-modes of the free Weyl fermion in the two-torus CFT, ensuring that the index 
does not vanish. 

"Note that the normaUsation used here for (3.12) differs from some conventions in the literature by a sign, for instance from 
that of ref. [79], with conversion A"^' = -A*^^. 
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in terms of the following quasi-holomorphic genus: 



g = TTT|-^+J- 1008 N (3-14) 



with the Klein invariant j = Ef/rj^^ and Dio^'io the modular covariant derivative (C.18). 

In particular, in the first expression of C, the combination —E2E10 + jrj'^^ is fixed by requiring 
no pole to be present in (3.14), which would signal the presence of a tachyon. Such a would-be 
tachyon being uncharged under the gauge group, the potential single pole coming from r/^^"^ should 
not appear in the gauge threshold correction. Nevertheless, gauge threshold corrections for Mst = 2 
heterotic compactifications allow for a {T2q)~^ behaviour of Aa (3.11), as q 0, stemming from the 
IR regulator in £'2- This pole, associated to an unphysical tachyon, will be referred to as 'dressed' pole 
in the following, in contrast to the 'bare' q~^ pole, which should be absent from a gauge threshold 
correction. In consequence, C is fixed by the linear combination of two modular forms of weight 12: the 
quasi-holomorphic modular form DiqEiq and the cusp form rj"^, a feature which we will also observe 
for non-compact models. 

In addition, gauge and gravitational anomaly cancellation in six-dimensional vacua fixes the constant 
term in Aa and fixes the coefficients of the hnear combination (3.13)to be the /3-functions and the 
levels ka of the corresponding Kac-Moody algebras. Another way to look at the decomposition (3.13) 
is to observe that the C dependent piece is iR-finite when integrated over 3" thanks to the regulator 

r^^, while the constant h,,, contribution exhibits an IR divergence, signaling the presence of massless 
states. These are precisely the massless hypermultiplets and the vector multiplet in the four-dimensional 
effective field theory which contribute to the /3-functions (3.3). 

As a consequence of these universality properties, the two-by-two difference of threshold corrections 
for different gauge factors satisfy, for such heterotic Mst = 2 vacua, the relation: 

kai 4 V fcai / ^2 

A reformulation of the the threshold correction Ao associated to a x T^/G heterotic vacuum is 
particularly useful to understand the topology of the gauge bundle supported by the string compactifica- 
tion. Merging the combination (3.13) into a single contribution yields [82]: 

with the identification: 

na = 14-^, ma = lQ + ^. (3.17) 
Then, the tadpole equation is reproduced by the constraint: 

na + ma = x{K2,) = 2A. (3.18) 

One can achieve some insight into the topology of the gauge bundle after resolution in the smooth K?> 
limit of the T^/G orbifold by rewriting Ua = 12 -|- and nia = 12 — ta- In particular, the various 
/3-functions depend on ta as follows: 

ba = 3ka{2 - ta) , (3.19) 
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where ta is the number of SU{2) instantons now present in the resolved x K3 geometry^'*. Depending 
on the value of ta, partial or total Higgsing of the gauge group G is possible. 

3.2 Threshold corrections for local models 

Before embarking, in the next section, on discussing the intricacies of how to evaluate gauge threshold 
corrections for x EH models, it is worthwhile to put them in a wider perspective. The non-compact 
nature of these backgrounds will have drastic consequences, both at the physical and mathematical levels, 
as we will discuss below. 

Vector and hyper multiplets 

In order to built vertex operators corresponding to gauge bosons in space-time, one needs, as far as right- 
movers are concerned, to tensor a standard vector operator of the free W''^ theory with an operator of 
dimension zero in the internal CFT. The latter is necessarily built on the identity representation (A.20) 
of the SL{2,W)/U{1) coset (with spin J = 0), since the conformal weights for the SU{2)/U{1) coset 
theory are non-negative. 

As the identity representation of S'L(2,M)/?7(1) is non-normaUsable, we readily see that vector 
multiplets do not appear in the spectrum obtained from the partition function (2.24). In means that, 
assuming that these local models can be glued to a full-fledged compactification with flux, the wave- 
functions corresponding to the gauge bosons are not localised in the throat regions that are decoupled 
from the bulk by the double-scaUng Umit (2.15). Hence, they cannot be considered as fluctuating fields 
in the path-integral. 

We can then interpret the result of the computation that we perform here as a one-loop correction 
to the gauge couplings in the effective four-dimensional theory from hypermultiplets whose higher- 
dimensional wave-function is localized in a particular region of the compactification manifold with strong 
warping, near a resolved Ai singularity - provided the gauge group G is not further broken by global 
effects in the full theory. 

Since vector multiplets, being 'frozen', are expected not to contribute to the /3-functions, the fac- 
tor (3.3) in the one-loop correction (3.1) will thus be modified as: 

h'^ = 2Y,nnTam. (3.20) 

R 

In the class of models studied here, with shift vectors of the form I = (1,^,0^^), whose spectrum is 
given in table 1, the /3-functions for the gauge group factors are given accordingly by: 

/ — 1 • }^°^ — A — ^fi 

I — L . "50(28) ~ ^ ' "SU{2) ~ ' 

._2N* + 1. /,ioc -8 , ^ _4(29£^.-2£ + 29) (^.21) 

'''in these models tadpole cancellation usually requires the presence of a certain number of small instantons hidden at orbifold 
singularities. Performing a slight resolution of the singularities brings out these instantons in the open, in the guise of SO{2) 
instantons embedded in 50(32). But when realizing a full blow-up to a a smooth K3 geometry, these C/(l) instantons cannot 
be defined anymore on the blown-up P' 's and are replaced by 517 (2) instantons with instanton number ta- 
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The useful Casimir invariants are T{D) = 1 for SO{2N)i, and T{n) = = 1 for the SU(2)2 

factor. The level of the latter is fixed by its embedding into the 50(32)i gauge algebra and is determined 



Perspectives on non-holomorphicity 

For the heterotic local models considered here, one observes some deviations from the standard compu- 
tation of threshold corrections for x K3 compactifications. These are not peculiar to one-loop gauge 
threshold corrections, but can already be found at the level of the elliptic genus. They are due both to the 
non-compactnes of target space and to the presence of non-zero five-brane charge at infinity. 

The modified elliptic genus (3.12) for the four-dimensional warped Eguchi-Hanson theory will 
schematically take the form: 



We can already give an overview of some prominent features of (3.22) which will be made more precise 
in the following: 

• the A*^ contribution in (3.22) arises from states which are obtained from discrete SL(2, M)fc/Z7(l) 
representations, i.e. from states which localise on the blown-up P^. As such, it retains some 
characteristics of its compact K3 analogues (3.16): it is quasi-holomorphic and, as we require 
no charged tachyon to appear in the spectrum, a 'bare' pole at infinity is absent from its 
Fourier expansion (cq _i = 0). However as for K3 compactifications, Aa generically has poles 
dressed by IR regulators, namely (rf q')"^, which are the only source of non-holomorphicity. The 
maximal power g^^^ for such non-holomorphic factors is fixed by supersymmetry, as it relates to 
the regularisation of worldsheet divergences caused by g pairs of vertex operators colliding at the 
corners of the moduli space and giving rise to a massless state. Mathematically this translates as 
the presence of i?! factors in A^- For a background preserving A/'st = 2 in four dimensions, the 
effective action starts with two legs, entailing g^^ = 1. The term A^ however differs from its 
K3 counterpart in that it transforms anomalously under S-transformation. It actually transforms 
as a Mock modular form, which will be discussed below 

• This anomalous behaviour of Aa comes from considering only the contribution of BPS represen- 
tations to the index, as we are instructed to do in the compact case. The usual argument fails here, 
as the fermionic zero-modes are compensated by the infinite-volume divergence. Indeed, by re- 
sorting to a modular invariant regularisation of this divergence - that adds extra non-holomorphic 
contributions to the index - one obtains the additional term TZ'^, which decomposes on a contin- 
uous spectrum of states and will be shown to be independent of the gauge group, and universal 

''in contrast, for an A^st = 1 background, threshold corrections would derive from an effective action with four legs, 
inducing gmax ~ 2 and E2 factors in (3.22). 

'*It is not strictly speaking a Mock modular form since it contains a finite number of non-holomorphic terms, but can be 
recast as a sum of Mock modular forms multiplied by almost-holomorphic Jacobi forms, as we will shortly see. 



by identifying its Cartan with the U {1)r charge generator, which generically has level 



>R k 




(3.22) 
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for a fixed value of the five-brane charge This non-holomorphic completion seems at first 

sight to exhibit an infinite number of poles in q, with arbitrarily large order. However, in the theory 
of non-holomorphic Jacobi forms reviewed below, TZ^ contains the transform of the shadow of a 
Mock modular form. This dictates a specific form for the functions Cgm{T2) (see [47]). In partic- 
ular, as a sum TZ'^ can be shown to be absolutely and uniformly convergent for r G ^ (upper half 
complex plane) in such a way as only to possess a single 'dressed' pole at r2 — > 00. In this case 
however the non-holomorphic regulator comprises additional exponential terms which are a distin- 
guishable feature of non-IocaUsed states, the real part of this polar term being generically bounded 
Y^nei 2fc(fc-2) Q^'!^T2 ^ vvhere / C N is a finite set. Thus has a polar structure even 
less divergent at r2 ^ 00 than the {T2q)~^ cusp of J^. Hence, to determine explicitely the moduli 
dependence of the threshold corrections (3.1 1), one can proceed as for toroidal orbifolds. 

3.3 A brief review on Mock modular forms 

In the previous section, we mentioned that the gauge threshold correction (4.5) incorporates contributions 
from non-localised states, which enter into the function Vf and recombine into the transform of the 
shadow function of some Mock modular form. We find it useful to recall here some facts about Mock 
modular forms and their isomorphism to weak harmonic MaaB forms, and in particular to clarify the 
notion of shadow. In this perspective, we synthesise among other things the illuminating presentation 
of [48]. 

Disregarding possible dependence on elliptic variables, a Mock modular form h of weight r is a 
function of the upper half-plane ?{ = {r G C|r2 ^ 0}, which almost transforms as a modular form of 
corresponding weight. The space of all such forms, which we call M^, contains as subspace the space 
M]. of weak holomorphic modular forms of weight r, which are allowed to have exponential growth, that 
is singularities, at cusps. Then, associated to a Mock modular form h G there exists a shadow 
g = S[h\, which is an ordinary holomorphic modular form of weight 2 — r. As such it has expansion 

g{T) = Y,b,q\ (3.23) 

where v runs over some arithmetic progression in Q. 

The shadow map S is M-Iinear in h and can be given by defining an associated function g*, which is 
the following transform of g: 



J-f {z + tY 

- (3.24) 
(r-l)(4T2f ^ 
where v belongs to an arithmetic progression in Q, and r(a;, s) is the upper incomplete gamma function: 



/•oo 

T{s,x) = 1 f''^e~^dt, x>0. 

J X 



(3.25) 



''Discussions on non-holomorphicity of the elliptic genus are also central to the question of deriving a reUable index for 
micro-states counting for systems of multi-centered black-holes [50]. 
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The function g* is such that the combination 

h{T) = h{T) + g*{T) (3.26) 



transforms, for all 7 G \^c*dj ^ ^' ^ suitable subgroup of 5^(2, Z), as a modular form of weight r: 

H-fT) = p{j){cT + dYh{T) , 

where p is a character of F. As S is surjective and in addition vanishes when h is (a weakly holomorphic) 
modular form, we have the following exact sequence over M: 



> Ml > Mr -^-^ M2-r > 



(3.27) 



and Mr can be regarded as an extension of a space of classical modular forms. 

As the non-holomorphicity of h is integrally encoded in the shadow function g*, we can reverse 
the perspective and obtain h by acting with Cauchy-Riemann operator d/df on h, which by combin- 
ing (3.26) and (3.24) gives: 

dh 2i ^-^ 

7^ = -7:r^5(^)> (3-28) 

by which we recover h = h — g*. Through this procedure we can estabUsh a canonical isomorphism 
Mr = Mr between the space of non-holomorphic weak modular forms of weight r, to which h 
belongs, and the space of Mock modular forms of corresponding weight. 

We can now push further and show that the space is actually the space of weak harmonic MaaB- 
forms. To this end, we define 501,.^; the space of modular forms of weight (r, /), i.e. which transform as 
F(7r) = p(7)(cr + dY{cf + (i)'i^(r) for 7 G T C SL{2,R), such that mi, = Tlrfl reduces to the 
space of real-analytic modular forms in r G of weight r. In addition we introduce an operator r|(?f 
which sends Tlr^i ^r,i+2 — > ^r-s,i-s+2^ where the first map is an isomorphism for s G Z. 

Applying this operator to dJtr = 9Jtr,o and further acting with the holomorphic derivative we obtain 
the commutative diagram: 

aJtr = 2)t^,0 — ^ 9K^,2 — ^ 9?to,2-r — > a«2,2-r 




M^-r 

It follows from this diagram that is defined as the space of real-analytic modular forms F G VKr such 



that T^dfF belongs to M^-r, in other words for which it is antiholomorphic: 

= |f G 9Jt, ^ [rl^F{T)) = 1 . (3.29) 

Now since {j^^fi*)) is up to an additive constant proportional to the weight r Laplace operator A^, 
namely: 

1 d / ^ d \ r ( r\ 
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Mr is thus the space of real-analytic modular forms which are allowed exponential growth at cusps and 
that are harmonic with § (l — §) eigenvalue under the weight K Laplacian. This is precisely the definition 
of weak harmonic Maafi forms according to Bruiner and Funke, which completes the identification. 

Appell-Lerch sums 

The simplest and most familiar example of a Mock modular form is the almost modular Eisenstein series 
E2, whose shadow g{T) = — is a constant. Using formula (3.26) for a weight 2 Mock modular form, 
we get the well known non-holomorphic completion E2 = E2 — 

In this work, we will be particuliarly interested in a more involved class of Mock modular forms, the 
Appell-Lerch sums. The Appell-Lerch sums of level K are functions of the upper half plane r e !H and 
depend on two elliptic variables u e C and v € C/ (Z + Zr) : 

„^ra(n+l)Ln 

Ak{u, v\t) = a-2 ^(-)^'* ^— — ^ , with a = e^'^^" , b = e^'^^^ . (3.31) 

The investigation of the near modular behaviour of these functions can be deduced from the transforma- 
tion properties of the level one Ai sum, since for an arbitrary level K we can reexpress: 

K-l 



(3.32) 



— K 

m&ZK 

We can thus concentrate on the level one case. In particular, the almost modularity of Ai consists in its 
failure to transform as modular form under S-transformation: 

^1(^,^1-^) =re'^'^^ [Ai{u,v\T)-^M{u-v\T)iMv\r)] (3.33) 

where the second term on the rhs contains the function M of r G IK and G C first studied by Mordell, 
which is defined in terms of the integral: 

M{v\t)= / dx^— — — . (3.34) 
7k cosh(7rx) 

There is a clear reminiscence of this behaviour in the S-transformation of discrete S'L(2,M)jt/C/(l) 
characters (2.27), which will be made explicit in a moment. 

To construct the non-holomorphic completion of the Appell-Lerch sums (3.31), it then suffices to 
consider the level K = 1 example, in which case it actually proves more convenient to normalise this 
sum by a iJ-function: 

h{u,v\t) = - Ai{u,v\t), (3.35) 

vi(v\t) 

also called the Appell function. Then, by studying the modular transformation properties of the function 
M (3.34) and by noticing that the near modularity of the Appell function /x only depends on the difference 
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u — v, Zwegers was able to construct its function g*: 



R{i^\T) = ^i-r (sgn(n + i)-s( 



-("+|)o-5("+5)' 



(3.36) 



where V2 =lmi/, and E{z) is the error function, defined as follows: 



E(z) 



Jo 



dw , 



z e 



(3.37) 



which is an odd and entire function of z. Since the argument of £^ in (3.36) is real, we can alternatively 
express -R(i^|r) in terms of the incomplete gamma function (3.25) 



£;(a;) = sign(x) [l - rQ, ttx^) 
by means of the following identity: 



X G 



erfc(0F|x|) = 2 / e"™' d?x = / v'^e-'''' dv = ^Ta,Trx^) , 

J\x\ Jx^ 



(3.38) 



(3.39) 



where erfc(v^a;) = 1 — E{x) is the complementary error function. One sees that -R(z^|r) is indeed of 
the form propounded in (3.24). 

The Appell function can thus be completed into a non-holomorphic Jacobi form of two elliptic vari- 
ables: 

//(u, v\t) = fi{u, v\t) — 2^(^ ~ ^1^) ' (3.40) 

which is furthermore a harmonic MaaB form for the Laplace operator Ay^ (3.30), and thus transforms 
as a Jacobi form of weight 1/2. 

In particular for u = v = u, the non-holomorphic completion of the Appell function of one elliptic 
variable, which we denote by /x(z^|t) = /x(i^, i^|r) in the following, reads 

i ^^in(n+l)^n+i °o 



H-\r) = E(-r E(-)"^*((" + ^)V2^)«-^("+^) (3.41) 



^ , 2/ V '^y^i 

n=0 ^ n=0 

and is characterised by a shadow function which can be extracted from the relation (3.28): 

r3 



9/2(z/|t) i ri{T) 



(3.42) 



5r 2^/2 ' 

The shadow of h{i'\t) is thus the holomorphic modular form gir) = ~ '^j^vi''')^ with weight ^(2, as 
expected for a Mock Jacobi form of weight 1/2. 

The full modular transformation properties of /x are neatly given by: 



^{u,v\t + 1) = e 'jl{u,v\T) , I - i) = -e "^^ffe 

-1/2 1/2 



(3.43) 



, . Transformations of u under shifts in the elliptic 

1/2 -1/2/ ^ 



from which we deduce its index to be 
variables can also be worked out (note that ju is symmetric in u and v): 

fi{u + 1, v\t) = a^^hq^^11{u + r, w|r) = —'jl{u, v\t 



(3.44) 
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In addition, ju satisfies: 

fl{u + X,v + A|r) — v\t) = ii{u + \,v + A|r) — ^{u, v\t) 



ri{T)Hl{u + V + \\T)'dl{\\T) 

'&1 {u\t)'&i {v\t)^^ {u + A|r)??i {v + A|r) ' 

u, V, u + X, V + X ^ Zr + Z . 



(3.45) 



By using the reformulation of the Appell-Lerch sums at arbitrary level K in terms of Ai, as in (3.32), 
and the non-holomorphic completion (3.36), we can generalise the construction of similar corrective 
terms for all sums Ak: 



K-l 



AKiu,v\T) = AKiu,v\T) a"" R{Ku - V - mr - ^\Kt) i'di{v + mr + ^\Kt) 

m=0 



(3.46) 

One can then show that these non-holomorphic Appell-Lerch sums indeed transform under the modular 
group as a Jacobi form of two elliptic variables: 

^ ^ ^ / I -1 \ • (2v — Ku)u ^ 

Ak{u,v\t + 1) = Ak{u,v\t), Ak{^,^\-^) =Te^'^^AK{u,v\T), (3.47) 
and display the following elUptic transformations: 

Ak(u + 1,v\t) = (-)^Ak(u, v\t) , Axiu, v + llr) = Ak{u, v\t) , 

^ ^ . (3.48) 

Ak{u + t,v\t) = {—) a b q 2 Ak{u,v\t) , Ak{u,v + t\t) = a Ak{u,v\t) , 

(—K/2 1/2 

4 Computations of the gauge threshold corrections 

After the preliminary discussions of section 3 we are now ready to get to the heart of the matter, namely 
the actual computation of the threshold corrections. We need to consider each gauge factor separately, 

namely the ^7(1) (enhanced to SU{2) for £ = 1) and the 50(28) factor, since the former comes from 
the R-symmetry of the interacting CFT and the latter from the remaining free left-moving fermions. We 
will start with the SO(28) case, which is simpler, and consider in more detail the special case ^ = 1 for 
which the superconformal symmetry is enhanced. 

4.1 The SO {28) gauge threshold corrections: discrete representations 



In this section, we consider the one-loop corrections to the 5*0(28) gauge coupling (3.22). For the 
sake of clarity, we start by computing the contribution A'^gQ(^28) ^^^^ discrete (BPS) representations 
that localises on the resolved Ai singularity, which can be determined algebraically from the partition 
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function (2.24). As stressed before, this contribution is not modular-invariant by itself, and needs a non- 
holomorphic completion, namely TZ^ in (3.22) coming from non-BPS non-localised states to be free of 
modular anomalies. 

Keeping in mind that the Kac-Moody level of this orthogonal factors is kgo(2S) = 1» the contribution 
to the modified elliptic genus (3.12) which localises on the resolved singularity is obtained by projecting 
the right-moving sector of the internal four-dimensional theory (2.19) onto its twisted Ramond ground 
state, while summing over all states in the right-moving sector. To facilitate the calculation we spUt the 
genus into left- and right-moving contributions: 



k-2 



■^50(28) 



2j=0 2 J=2 



The right-movers part yields a Witten type index identifying the S'L(2, ] 
SU{2)k one: 



(4.1) 



)k/U{l) discrete spin and the 



meZ2fc 



(r,0)Chd(J,f - J-i;r,0) 



^[2] 



^m-{2j+\) 



[k] 



x[2] 

"2J-m,l 



(4.2) 



-(45-1-4!^.)^: 



[2] 

2i,2J 



In particular, we observe from the second Une of the above expression that this index counts represen- 
tations built on right-moving anti-chiral primaries of SL{2, M)/C/(l), see appendix A. As the extended 
discrete SL{2, IR)/C/(1) character in expression (4.2) takes into account all winding sectors of the model 
by incorporating all Z2jk orbits of spectral flow, the latter condition selects all states with: 



m — 2 J = — 1 mod 2k . 



a J) 

To determine the contributions A{;' from the left-moving sector, we observe that the quadratic 
Casimir operator acts on 50(28) characters as X50(28)(i^i! ^ulr) = dl^Xso{2S){^i, 
Hence we obtain 



(4.3) 



7,5=0 



u,v=Q n&j2i 



m -2 



„14 "2J 



7] 



'2J,{i-l)u ' (^-^^ 



We note that the Z2 orbifold (2.19) and the K-theory condition (2.14) combine to project out half-integer 
SU{2)k-2 and SL{2, R)k/U{l) spins j and J, which are identified through (4.2). 

If we tried to use this algebraic method to determined the contribution of continuous SL(2, M)fc/L'"(l) 
representations to the modified index on the basis of how they enter into the partition function, for 
which a non-modular invariant regularisation has been adopted, we would obtain zero. The reason is 
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that non-localised states behave like the 'untwisted' sector of an orbifold compactification, hence do 
not contribute to the index because of their fermionic zero-modes. As we shall see shortly, continuous 
SL{2,'R)k/U{l) representations nontheless enter into the modified elliptic genus, if we adopt a non- 
holomorphic regularisation of the path integral. 

Collecting both left- and right-moving contributions from localised states, and leaving for the mo- 
ment the term TZ'^ unspecified, the one-loop threshold correction to the 5*0(28) gauge couphng for arbi- 
trary five-brane charge Q5 = k/2 = reads: 



-'^50(28) [25] 



1 f d^T 



96 Jgr T2 



r2,2(T,t/) 



+ 127^'=[Q5] 



(4.5) 



The contributions from the (c, c) = (6, 6) interacting CFT with is encoded in the localised elliptic indices 
with mixed left / right boundary conditions: 



$J^](i.|r) = Tr^(6,6) discrete Uii^^Jl+^J^) q^^' qL^' ^1 z^r) 

= E ixtl + xtV) E e-^'^''^"-^^) CW{J, in - J; .|r) 

J=l neZ2f 



(4.6) 



where * stands for NS when u = and for R when u = 1. 

The elUptic indices (4.6) can be obtained by spectral flows of what is commonly known as the elliptic 
genus of the (c, c) = (6, 6) CFT underlying the solution (2.16). This topological invariant is obtained by 
projecting the trace on the (discrete representation) Hilbert space onto the R (g) R ground state of the CFT. 
It is nothing but 



$fe(i/|r) = 



(Hr) 



(4.7) 



It will be convenient for later us to package the contribution of SL{2, M.)k/U (1) characters with spin J 
in the single function: 



yi{'^\r)= E (-r+'^Chd(J,^(n + i)- J-i;Hr) 
In terms of ^k, the remaining genera (4.6) are easily recovered by spectral flow: 



(4.8) 



1-a 
1-6 



fc/2 



J=l 



with ^ e 2N* + 1. 

As these elliptic genera are restricted to localised states, they can be given the same interpretation 
as for compact models. More specifically, [^] are elliptic generalisations of the Dirac index, which 
keep track of how antisymmetric tensor representations of the 50(2)^ C 50(4) embedding of the line 
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bundle Cpi(l) © Opi(^) are counted, whether with a plus (v = 0) or minus (v = 1) sign [45, 83]. In 
contrast, the index [J] captures the coupling of the elUptic generaUsation of the Dirac index to the 
spinor bundles associated to Opi (1) © Opi {£). 

Starting from the discrete representations contribution to the elliptic genus (4.5), using equations (A.5) 
and (A. 16), one reproduces the inverse cusp form 7]^"^^ characteristic of the polar behaviour of Mst = 2 
heterotic gauge threshold corrections (3.16), related to the would-be tachyon (see section 3.2 for discus- 
sion). This confirms that the contribution of localised states to the gauge threshold correction (4.5) is 
similar in nature to what is expected for a genuine heterotic compactification. 

4.2 Infinite volume regularisation and non-liolomorpliic completion of the Appel-Lerch 
sum 

We have shown above how to express the contribution to the gauge threshold correction of states localised 
on the resolved singularity, see eq. (4.5), in terms of a combination of holomorphic SL{2,M.)/U{1) 
characters, given by eq. (4.8). As we discussed above, the modular properties of these characters, given 
in appendix A, imply that the result is not a modular form as it should. 

This problem can be traced back to the partition function (2.24), from which the elliptic genus has 
been extracted, which displays a holomorphic anomaly, since the infinite-volume divergence has been 
remove in a rather cavalier way, which preserves the splitting of the theory into holomorphic and anti- 
holomorphic characters of the chiral algebra but spoils modular invariance. 

Completing the elliptic genus 

A modular-covariant regularization of the SL{2, R)/U{1) elliptic genus has been developped first in [46] 
and subsequent [61, 63]. The idea behind this work, which is summarised in appendix D, was to re- 
formulate the elliptic genus directly in terms of a path integral. The poles in the zero-mode integral, 
corresponding to the infinite target-space volume divergence, were regularised in a way that preserves 
modular invariance, thus giving an unambiguous prescription to evaluate the elhptic genus. As explained 
in more details in appendix D, the result of this evaluation splits into a holomorphic contribution com- 
ing from the discrete representations, which can be resummed into the Appell-Lerch sum A2k, and a 
non-holomorphic contribution coming from continuous representations: 



2J=1 



2ip + n 



2 2 
q k ^ 4k 



A 9,.l^) i^\{v\T) 



r7(r)3 



(4.10) 

In this non-holomorphic regularisation of the infinite target-space volume divergence, continuous rep- 
resentations supply the precise counter-term needed to cancel the holomorphic anomaly, which is none 
other than the (transformed) shadow function R(u\t) (3.36), summed as in expression (3.46). 

In the cases considered here a similar procedure can be carried out. However, since we have akeady 
computed the discrete representations contribution, i.e. the Mock Jacobi form of interest, it will suffice 
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to use the shadow map S dictated by theregularisation scheme (4.10) in order to get a genuine modular 
form. To this end we rewrite the contribution of discrete 5^(2, ]R)fe/f/(l) representations (4.8) as: 



yMr)= E (-r+^Chd(J,%+i)- J-i;T,i.) 



mdTL 



1 _ ^g«(2^m+n)+^-J 



r?(r)2 



g5-i(-^-i)'^(-)^+l. 



I ^ e-^f - J) r + f |r) 



m=0 



??(t)3 



(4.11) 



To express the result in terms of a level 1 Appell sum we used the following identity 



18. 



1 1 



a = e 



27rjti 



(4.12) 



Then, the regularisation of the infinite target-space volume divergence goes through like in eq. (4.10). 
Using (3.35) and its completion into a MaB form (3.40), the full expression for the iS'L(2,]R)fe/i7(l) 
factor (4.11) can be nicely repackaged in a sum of non-holomorphic Appell functions: 



yi{y\T) = q-'d^-"^) 1 Y: e-'n{l{i^ + - ^) r + m), f |r) 

m=0 



Mj\r)M^\r) 
77(r)3 



(4.13) 



From the above expression, we obtain the regularised expression of the elliptic genus (4.7), now also 
including continuous representation resummed in the (transform) shadow function R{u\t) (3.36), as the 
following weight MaB form: 



fc/2 



(4.14) 



J=l 



We are particularly grateful to S . Zwegers for suggesting this formula. 

''it is interesting to note that initial Zi2e orbifold of the SL{2,]S.)k/U{l) theory in (4.11) is rewritten in terms of a Z( 
orbifold of the Appell sum Ai. As can be seen by combining (4.24) and (4.26), Ai encodes the discrete representation (i.e. 
holomorphic) contribution to the elliptic genus of the {SL{2, R)2/?7(l))/Z2 orbifold: 



it?i(f|r) 



Z2 being the localised part of the elliptic genus (D.l). By virtue of a relation similar to (3.32), the holomorphic piece in 
the elliptic genus of the (S'L(2, R)fc/[/(l))/Z2f theory can thus be rewritten, for k = 2£^, in terms of a orbifold of the 
(SL(2, E)2/?7(l))/Z2 theory, and eventually of the Appell sum Ai. 
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Spectral flow and gauge threshold corrections 

Using this result one can recover the full set of regularised genera (4.9) for the (c, c) = (6, 6) theory by 
spectral flowing the elliptic genus (4.14): 



$1 



fc/2 

U 



V 



J=l m=0 



x/2(l(. + (^-J)r + ^+m),|+(3i=i)l±^ (4.15) 
The threshold corrections to the 50(28) gauge couphng for arbitrary = k/2 units of five-brane flux 



then reads: 

fe/2 



X 



m=0 



J=l 

1 



X 



xA _^ 1 . (4.16) 

We can in particular extract the contribution of non-localised bulk states from expression (4.16): 



J=l m=0 

= 16 E ^Xtl + 2"') E(-)" + \) ^rf'^ + - 2J + 1| 1 X 

J=l neZ 

X g-i((n+l)fc-2J+l)2 ^Dg^ 
^21 



J=l n=0 ' 



,21 ■ 

(4.17) 

The intermediate steps that bring us from the first to the second line are expUcitly given in Appendix E.l. 
To go from the second to the third line, we have exploited the Z2 symmetry of the SU{2)k-2 factor. 

As anticipated in expression (3.22), the bulk state contribution (4.17) is (up to a factor ka) universal, 
i.e. gauge group independent for both 50(28) and U{1) factors. This will become clearer in section 4.4. 

Polar structure 

It is worth spending some time discussing the polar behaviour of the modified elliptic genus appearing in 
the gauge threshold (4.16), thereby clarifying its physical signification. Firstly, the polar structure of the 
contribution of localised states ^^^(23) already been addressed in section 4.1. It has been shown that 
it reproduces the inverse cusp form ry"^"^ in the denominator of ■A.gQ^28)- Further analysing the Fourier 
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expansion of the localised part of expression (4.5), we can show that this expression has no more than a 
dressed single pole (T2g)^^, also characteristic of heterotic K3 compactifications. 

Turning to the contribution from bulk states to the threshold corrections, given by eq. (4.17), we 
observe, following [47] that, for r2 > 0, ra ^ and J G [1, .., |] : 



(_)«erfc(^(nyt + 2J-l)V2^)g-^("™-')' ^ e- ^^"'^"'^' ^ g-^kK+^J-i)^ 

;r(nfc+2J-l)^ 



(4.18) 



= e 



Hence all terms in the sum over n in (4.17) are exponentially suppressed as r2 ^ oo. Thus, including 
the r]~^ factor coming from Xk-2i''')' ^'^y P°^^ at T2 — )• oo in expression (4.17) comes from: 

^ = ^_960+^+OW. (4.19) 

Taking into account the Fourier expansion of the characters Xfe-2 (''")' ^f- ^1- i-^-^)' we see that TZ'^ only 
has aq~^ cusp at T2 oo, whose real part is bounded by: 

i E E c„„,e-(^-A)"^. (4.20) 
r2 ^ ^ ^ , \q\ 

nie[l,..,2V2e[\n2\e[l,..,2Vk^[ 

with ni and n2 following some progression in Z. More specifically we have ni = n/c + 2 J — 1 ^ 
and n2 = 2(A; — 2)m + 2 J — 1 for m G Z. The contribution from bulk states thus has a similar polar 
behaviour as the locaUsed part A^gQ(^28y ^^^^ ^ simple pole 'dressed' by a regulator; the difference being 
that the regulator is now exponentially suppressed for T2 oo, which we interpret as the signature of an 
unphysical tachyon appearing in the spectrum of non-localised states. 

Thus we conclude that by considering a regime where r2 > 1 we can compute the integral (4.16) 
by unfolding the fundamental domain 3" against the lattice sum T2^2{T, U), similarly in every respect to 
calculations of heterotic gauge thresholds for toroidal orbifold compactifications (3.16). 

4.3 Threshold corrections for Q5 = 1 and A/^ = 4 characters 

After having discussed the 5*0(28) threshold for a generic value of the fivebrane charge, we would 
like to discuss here in detail the particular case Q5 = 1, which is somehow degenerate, but displays 
interesting features. In this case, the worldsheet supersymmetry of the (6, 6) CFT is further enhanced to 
A/'ws = (4, 4), so that the result can be nicely repackaged, as we shall see, into A/^s = 4 superconformal 
characters at level n = 1. This will help making contact with the known threshold corrections for 
X KZ. 

For k = 2, the contributions to (4.5) from discrete representations greatly simpUfies. In particular, as 
the SL{2, M.)k/U (1) spin can now only take the value J = 1, the Z2 orbifold which selects integer spins 
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in (4.5) becomes trivial. In addition, the SU{2)k-2 theory reduces now to the identity. Then: 

13" 



X 



^18 



+ l27^=[l] 



• (4.21) 



We will discuss now how to rephrase this result in terms of = 4 characters. We refer the reader to the 
Appendix B, in particular to subsection B.2, for details on the subject. 

Representations of the AAws = 4 superconformal algebra at level k are distinguished by two quantum 
numbers {h, I), namely their conformal weight and their spin. Unitary representations are: 

• BPS representations labeled by discrete quantum numbers {h, I) and with massless ground states, 
which are obtained by saturating the unitary bounds, i.e. by setting: 

h = I in the NS sector , /i = ^ in the R sector , for spin range ^ / ^ | 

• non-BPS massive representations with discrete spin values I but continuous conformal weight h 
bounded from below: 

h> I with ^ / ^ ^ in the NS sector , h> j with ^<J<| in the R sector 

Focusing on discrete representations, we can exploit the branching relations of the Aws = 4 char- 
acters at level k = 1 into J\fws = 2 representations with c = 6 in order to rewrite the localised elUptic 
genus $2 in terms of the A/ws = 4 character for the only normaUsable BPS (discrete) representation in 
the twisted Ramond sector, defined in eq. (B.13): 

^2(z^|r) = e-*'^("+i) Chd(l,n - l;z/|r) j = chf i q(i/|t) (4.22) 

The other elliptic indices with mixed boundary conditions (4.6) can then be obtained by spectral flow, as 
previously explained, namely 
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1 - a 
1-6 



(zy|r) = (-)«MgVz-«ch^i^j(i.-^|r), a, 6 G [0,1], (4.23) 



with different values of the 'spin structure' reproducing all the characters for normalisable BPS rep- 
resentations listed in (B.13), for instance ^*2[nl = ch^\ i (z/|r). This corresponds pictorially to 

^'2'2 

circumnavigating the orbit under spectral flow of the {h, I) = (1/2, 1/2) representation in the NS sector, 
as illustrated by the diagram in Figure 1.^^ Identities (4.23) belong to the more general case of branching 
relations of A/^s = 4 super-conformal representations into A/^s = 2 ones [84]. We shall see shortly 
how these relations can be exploited to rephrase the gauge threshold corrections for Q5 = 1 in a more 
suggestive way. 



^"We should emphasise that the orbit for the other existing discrete representation with {h, I) = (0, 0) in the NS sector 
does not contribute to the localised part of the threshold correction, since these representations are non-normalisable, as is the 
corresponding identity representation of SL{2, R)2/U{1). 
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Chile 



ch 



NS 



Figure 1: Spectral flow of A/'ws = 4 characters at level k = 1 : {h,I) = (1/2, 1/2) orbit 

Since we are dealing with a degenerate case where the SU (2)jfc_2 factor in the EH CFT is the identity, 
the locaUsed part of the elliptic genus is directly given by expression (4.11) for A; = 2 and takes the 
simple form: 

= _^,H.)«-MH.)^. (4.24) 

J\f = 4 characters and M = 2 Liouville theory 

We have seen above that the genera $2 [^] organise into an orbit under spectral flow, comprising the 
A/^s = 4 character ch^ 1 . Now, from (4.22), we observe that this character is precisely the holomorphic 
part of the elliptic genus of a Z2 orbifold of the AT = 2 Liouville theory at level k = 2 (see appendix D), 
as has already been pointed out in [85]. From eq. (D.3) one finds indeed: 



ch 



lio(H^) = 5 E «^ ^2 (^^ + 7T + 5\t) (4.25) 

As already explained, by using the regularisation scheme (4.10) we can compute the non-holomorphic 
completion of the localised part of the elliptic genus, by which we determine the complete elliptic genus 
of the orbifolded N = 2 Liouville theory at level k = 2: 

82(i.|r) = i z'-'q'^ Z2{v + ir + 5\T) = il{y\T)'^^^^. (4.26) 



in keep with the general formula (4.11). By making use of the modular and elliptic properties of the 
Appell function (3.43), we find that $2 transforms as Jacobi form weight and index 1, in accordance 
with the corresponding transformations of the (5L(2,M)fe/i7(l))/Z2 theory, see (D.12) and (D.13).^^ 
By spectral flow one obtains the remaining regularised genera: 



$9 



(.|,) = j(,+ fc.llzfl:^|,)flgt), (4.27) 



^'The only trace of the Z2 orbifold is found in the extension of the allowed range for the shift parameters in the elliptic 
transformations (D.13), which is now /u, A € Z instead of 2Z. 
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leading to the 50(28) threshold corrections for five-brane charge Q5 = 1: 

Aso(28)[l] = 9g j^ — T2,2{T,U)x 



X 



^( ("-^)-+(-^) \r) [h + (-i)-^rrr - (-i)"^u:+/) m"" ^^^^^ 

As for the general Q5 > 1 case (4.17), from the decomposition of the elUptic genus (4.26) into discrete 
and continuous S'L(2, R)2/i7(l) representations, we may single out the contribution of non-locaUsed 
bulk modes: 

which factorises in terms of the (transform) shadow function -R(t) = i?(0|r) and the covariant derivative 
Dg^s (C.18). This contribution is universal (up to a ka factor) for both 50(28) and SU (2) thresholds. 

Local thresholds vs. KJ> thresholds 

We shall now exploit the A/^s = 4 superconformal algebra at level k = 1 that appears for Q5 = 1 in 
order to make contact with the well-known threshold corrections for x compactifications. In the 
same vein, we will show in the next section that the SU (2) threshold for Q5 = 1 can be cast in the same 
universal form. 

The relation between A/^s = 4 characters at level k = 1 and K3 characters can be illustrated 
by considering the S -transformation of say the twisted Ramond character for (normalisable) discrete 
representations (B.13): 

„2 

2 ./» coshvrx 1,^-. g,2 



ch^ , (-1 - i) = e^^^^^ chf 1 JuW) - - [ — ^ ch^ 2 3 1 Mr) 



e T 



chho(Hr)-jM(0|r).^^('^"^)^ 



(4.30) 



2 ' ' ' r/(r)3 

As can alternatively be inferred from combining identities (4.22) and (4.24), the transformation law (4.30) 
indicates that ch^ 1 (zv|r) is a Mock Jacobi form. In particular, the extra piece appearing in the RHS 
of (4.30) and breaking modular covariance can be reexpressed in terms of continuous twisted Ramond 
J\^^ffs = 4 characters (B.12) or alternatively repackaged into the Mordell integral (3.34). 

From eq. (4.30) we note in particular that the continuous A/^s = 4 representations which contribute 
to the Mordell integral have conformal weight in the range h = ^ + § > j, which falls within the 
h > J bound imposed by unitarity on non-BPS representations (see Appendix B.l). Now, the integral 
M(0|r) has been shown by Mordell to be S-invariant, which follows from rewriting it as [86]: 

iM(r) = /i3(r) + /i3(-l/T), (4.31) 

with the function hs given by: 



33 



By spectral flow of the Appell function, we may define two other such functions: 



^2(t) 



2' 2 1'/ 



/i4(T) 



for which there is a relation to the Mordell integral analogous to (4.32): 

iM(r) = /i4(r) + /i2(-l/T). 



(4.33) 



(4.34) 



Using the functions hi, the localised part of the elliptic genus (4.26) can in particular be rewritten in three 
different ways: 



+ h^(T) 



2,3,4 



(4.35) 



Then, combining the three above expressions, we can reformulate the regularized elliptic genus $2 as 
follows: 

i?i(i^|r)2 



^2{i^\r) = ^chK3(z^|r) 



+ ,(r)3 



in terms of the twisted Ramond character corresponding to the elUptic genus of the K3 surface: 



chK3(z^|T) 



Mr) 



+ 



+ 



Mr) 



(4.36) 



(4.37) 



This character can for example be determined by CFT methods from its T^/7j2 orbifold limit [87].^^ 

The function F that appears in eq. (4.36) is a weak MaaB form of weight 1/2, which decomposes as 
follows: 

F{t) = F{t)-6R{0\t) 

00 

= 4r?(r) ^ hiir) - 12 ^(-)"erfc((n + i) ^2^)^ , ^"^'^^^ 

j=2,3,4 n=0 

where erfc(a;) is the complementary error function (3.39). Its holomorphic part has the following Fourier 
expansion: 

q^/^F{T) = 1 - 45g - 231?^ - 770q^ - 2277g^ + 0{q^) . (4.39) 

This Mock modular form F clearly has the same shadow as 12 /i(z/|r), since its completion F satisfies 
the holomorphic anomaly differential equation: 



dF{T) 3V2i 



df 



Vir) 



(4.40) 



The Fourier coefficients (4.38) actually appear in the Rademacher expansion of the eUiptic genus of 
(non-) compact K3 surfaces [88], and were in particularly shown to be relevant to the counting of half 
BPS states for string theory compactified on such surfaces and hence to a microscopic determination 
of the black hole entropy for these configurations [89]. They also found a more recently application in 
the derivation of BPS saturated one-loop amplitudes with external legs stemming from half BPS short 



^It reproduce in particular x(K3) = chK3(0|T) = 24, as expected. 
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multiplets for type II string theory compactified on X K3 [90]. Here we see a novel occurence of 
the Rademacher expansion of AAws = 4 characters, where the Fourier coefficients of F now encode the 
contribution of three-form flux to gauge threshold correction (4.28). 

Then, by spectral flowing expression (4.36), one obtains for the sectors with even spin-structure: 
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12 ??(t)3 



(4.41) 



with the K3 characters given by expressions: 



chK3(z^|T) 



(-1) 



a+1 




(4.42) 



Using (4.41) the 5*0(28) threshold correction for Q5 = 1 (4.28) can be recast as follows: 



*-50(28) 



[1] 



1 r dv 



48 Jgr T2 



r2,2(r,c/) 



1 



12r] 



24 



EoE 



2-C/lO 



1 



-El 



+ rfF{E2Es-Ew) 



(4.43) 

We would like to make the following comments on the structure of the threshold correction (4.43) 
and its relationship with characters. 

i) The first contribution on the RHS of (4.43), stemming from locaUsed states, reproduces the gauge 
threshold corrections (3.16) for an 50(32) heterotic compactification on T2 X (T'l/Za), with an 
orbifold action determined by the shift vector v = (1,1,0^^). Upon blowing up the singularity, one 
obtains a x K3 compactification with SU{2) instanton number t = A (see eq. (3.19) and above), 
which we can explicitly read off the first term in (4.43). The SU{2) background breaks the gauge 
group symmetry to 50(28) x SU{2), as is also the case for the non-compact model considered 
here, where however the breaking is due to the presence of C/(l) instantons in the background. The 
hypermultiplet spectrum for this x K3 compactification is given for instance in [91] and reads 
10(28, 2) + 65(1, 1). For the x EH background under scrutiny, he hypermultiplet multiplicities 
are instead (28, 2) + 2(1, 1), as given by table 1. This reduction results, on the on hand, from 
considering a single resolved Ai singularity and, on the other hand, from having five-brane flux 
supported hy U{1) gauge instantons threading the geometry, which is featured in the second term 
in expression (4.43). 

a) The second contribution on the RHS of (4.43), originating from both localised and bulk states, is 
both the sign that we are dealing with a non-compact space, and that we are considering a non- 
Kahler geometry with three-form flux, characterised by non-zero fivebrane charge Q5 at infinity; 
these two aspects are tied together, since the net fivebrane charge on a compact manifold has to 
vanish. The appearance of the MaaB form F, and in particular its decomposition (4.38) into a 
Mock modular form and its shadow function, can be understood as follows. The elliptic genus 
that we computed for the x EH contains a contribution localised on the blown-up P^, due to 



In the T x K3 model, the gauge group may be further Higgsed and broken down to the terminal group SO{8). 



35 



the presence of flux; it is precisely encoded in the Mock modular form F (4.39). This expression 
alone would be anomalous under modular transformations. However the non-compact CFT at 
hand displays, alongside localised states, a continuous spectrum of bulk modes which cancel this 
holomorphic anomaly, at the price of introducing an extra non-holomorphic contribution in the 
elliptic genus (4.36). This feature, peculiar to non-compact models, explains the appearance of the 
MaaB form F = F — 6i? in the threshold (4.43) with a contribution of the (transform) shadow 
function R corresponding to an infinite tower of non-localised massive non-BPS states (D.9). In 
a compact x if3 model, we instead expect the extra contribution of localised states due to the 
flux to be cancelled by a contribution from the bulk of the globally tadpole-free compactification, 
without spoihng the holomorphicity of the genus. 

in) It is also worth rediscussing the polar structure of the EH modified elliptic genus (4.43), since 
it exhibits some differences with respect to the bulk contribution, compared to the A; > 2 case 
discussed previously. But first, we note that in the localised part of the modified elliptic genus the 
pole coming from the if 3 and the localised flux contibutions exactly compensate, as can be 
shown from the following Fourier expansion: 

•^SO(28)[l] = ~72^ \E2E10 - - \eI - rfF{E2E^ - E^ 



(4.44) 

= 8-^+f(i960-!?^), + Ob). 

TTT2 \ 7rT2 / 

Analysing the contribution from bulk states, encoded in the shadow function R{T)DsEs/if^, is 
even simpler as for the A; > 2 cases discussed in (4.18). We first consider the sum q^/^R^r). The 
terms of this sum (3.39) are bounded, for any n G N and for T2 > 0, by: 



(-)'^erfc((n + i)V2^)g 



< g-27r(n+|)V2 



g-7r(n(n+l)+|)T2 

(4.45) 



All these terms are exponentially supressed for r2 — >■ 00. Since = — 960 -I- -I- ... , 

the contribution R{T)D^E^/r]'^^ also has a 'dressed' pole of order one, with an exponentially 
decaying regulator characteristic of bulk states, as we already emphasised for the A; > 2 cases. 
In particular, for n = 0, the real part of this pole diverges as r^^es'^^^ for r2 — > 00, while it 
is completely suppressed for all terms with n > 0. Since -4^o(28)[^] regular at T2 00, 
we observe that 7^'^[1] contains the only 'dressed' pole related to an unphysical tachyon, with a 
'dressing' acting as regulator for both the IR divergence stemming from the Casimir TrQl^^gg) 
and the infinite volume divergence. 



4.4 The U{1)r and SU{2) gauge threshold corrections 

Having determined the regularised elliptic genera (4.15) for warped Eguchi-Hanson CFT, we can com- 
pute the threshold corrections corresponding to the U{1) or SU (2) gauge coupling depending on whether 
we consider an arbitrary value i G 2N* + 1 of the Abelian magnetic charge or the particular value £ = 1. 
This is made easy by the fact that this gauge symmetry corresponds to the left U{1) R-symmetry of the 
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SL(2, R)/C/(l) coset, or has its Cartan generator determined by it in the i = 1 case. Hence the elliptic 
variable u in the genus [^] {^) keeps precisely track of its charges; the corresponding (regularised) 
Casimir operator then acts as a derivative with respect to this variable. The Kac-Moody levels, that enter 
into the regularisation of the Casimir in (3.8), are in this case: 



kfTtu = 1 + 



1 + 



ksui2) = 2 . 



(4.46) 



The threshold corrections to the U (1) and SU (2) gauge couplings are then given by descendants of the 



genera (4.15) as: 



(a,6)^(l,l) 



??(r) 



nji^ + 1) 
Pt2 



u=0 

(4.47) 



with A = U{1) for ^ G 2N* + 1 and ^ = SU{2) for £ = 1. 

Working out expression (4.47) explicitly, one obtains for £ G 2N* + 1: 

2 k/2 
^ J=l 



a+b 



m=0 (a,6)^(l,l) 



+ 
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/k + 2\ -^Jl + — + T' 

I 24 J ^ 



(a-l)T+(fe-l) 
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4' 



all6 



nl6 



(4.48) 



In particular, the second line of the above expression comes from the second derivative ^"^ 



ea+1 



J)l + 



kzlA^rn^A. (a-l)T+(b-l) 
2 ^ ' £ 2 



which is computed in appendix E.2. Moreover, the contribution from bulk states is entirely captured in 
the last two lines of (4.48) and is given by: 



T^-m = (^) E U.-2 + xtV) i:(-)"erfc(^(nfc + 2 J - l)^/2^) 



fc/2 



CC/(1) 



J=l 



n=0 



X g 



77 



where 7^^ is non-holomorphic completion (4.17) also appearing in the ^so{28)[Q5] threshold. This is 
in accordance with the general form taken by the modified elliptic genera that we outlined in (3.22). 
In particular, it shows that for this class of models the contribution to the gauge threshold corrections 
coming from bulk states is independent of the gauge group and only depends on the five-brane charge. 



'*Note that in (4.47) all (mixed) terms containing simple derivatives of theta functions vanish since i9i/t92,3,4(0|T) = 0. 
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The Q5 = 1 case and A/^ = 4 symmetry 

As previously, we consider in more detail the Q4 = 1 case, which has enhanced J\fws = 4 left supercon- 
formal symmetry and second gauge factor SU (2). By using expressions (4.41), equation (4.47) yields in 
this case 

^SU(2)[1] = ^J^^T2,2{T,U)-^(^-[E2Eio + ^Ei-^-El\ + rj''F{E2Es - E^o)^ . 

(4.50) 

Again, the first term in (4.50) is the gauge threshold correction (3.16) for a x K3 compactification, 
with this time t = —44. 

Universality properties 

By comparing Ago{28) [1] ^^id Asij(^2) [M-> given in eqs. (4.43) and (4.50), we observed that these threshold 
corrections satisfy some universality properties when the underlying CFT exhibits enhanced AAws = 4 
left super-conformal symmetry . 

More generically, we would Uke to consider Mjs = 2 six-dimensional local models with non-zero 
five-brane, based on times a smooth geometry corresponding to the warped resolution of a C^/G 
singularity, the action G leaving the gauge group Ha unbroken. If their CFT description displays 
A/^s = 4 left super-conformal symmetry and allows for non-localised bulk states, we propose that such 
theories have threshold corrections (3.1 1) to the coupUngs of the various gauge factors Ga determined 
by the four-dimension modified elliptic genus: 



Aa = ^ (6(2 - ta) + TTTT^ [l^io^io " 528rj^^ + CrgFD^E^ 



6 V 20r/- 



(4.51) 



where F is a MaaB form of weight r, g its shadow of weight 2 — r, and is a weight dependent constant. 
In the particular warped C^/Z2 resolution considered until now, F is the weight 1/2 MaaB form (4.38) 
with shadow function g = —-^^V^' which is a weight 2/2 holomorphic Jacobi form, and ci/j = 5\/2. In 
this particular case, expression (4.51) yields an alternative formulation of expressions (4.43) and (4.50). 
We thus observe that the three first terms in (4.51) reproduce 4/x(^3) of the K3 modified elliptic genus, 
see (3. 13)-(3. 14), with /3-functions ba = Ska (2 — ta). Mind that these are not the full /3-functions for the 
torsional local models under consideration, which receive an additional contribution from the constant 
part of the flux induced term FD^iE^/rf'^. Also the normalisation factor 4/x(^3) comes from considering 
a single resolved Ai singularity, instead of the global K'i geometry. It is in keep with hypermultiplet 
counting for a double-scaled geometry as currently investigated in [92] 

For a general local model with five-brane charge which satisfies the above conditions, the four- 
dimension modified elUptic genus is then completely determined by a certain Unear combination of three 
modular forms of weight 12: the quasi-holomorphic modular form DiqEiq, the cusp form rf'^ and the 
non-holomorphic modular form gFD^E^, where F is the weak MaaB form capturing the effects due to 
NSNS three-form flux, g is its shadow function and DgEs is a universal contribution. The coefficients 
of this linear combination are fixed by the absence of charged tachyons in the spectrum and the tadpole 
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equation (2.12) with now non- vanishing charge Q5. Consequently, the difference of two such gauge 
thresholds satisfies the relation 



K[Q5] _ HQ5] ^ 3(tb - tg) 

ka h 24 



/ ^Ir2,2(r,c/), (4.52) 

J7 T2 



which, interestingly enough, is ^lx{K2,) times what is expected for gauge threshold corrections for x 
models (3.13), which generically satisfy the relations (3.15). The fact that this universal feature of 

A/^ i = 2 heterotic compactifications carries over to the local non-compact models under consideration 
is clearly ascribable in this case to their displaying enhanced M^s = 4 left-moving superconformal 
symmetry, as for x compactifications with the standard embedding. 

In particular, formula (4.52) holds for the x EH background with Q5 = 1. In this case, the 
difference between the I^suii) [1] ^^id I^so{28) [1] thresholds yields a factor 6 multiplying the integral on 
the RHS of eq. (4.52), see footnote below. 

In the higher Q5 > 1 cases, the underlying CFT only has TVws = 2 left-moving superconformal sym- 
metry, hence the difference between the U{1) and 50(28) threshold corrections is more complicated 
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(4.53) 



and in particular does not abide by the rule (3.15) characterizing toroidal orbifold compactifications, as 
SU{2)k-2 right-moving characters now intermingle with characters of a compact A^ws = 2 CFT with 
c = 1 + |. Nonetheless, since the contribution of bulk states is, up to a multiplicative Kac-Moody level, 
gauge group independent, the difference of thresholds (4.53) shares the common feature with the Q5 = 1 
case of being a purely localised effect, and could thus in principle be compared with corresponding 
expressions for A/^t = 2 heterotic compactifications. 



5 The moduli dependence 

In order to determine the expUcit dependence of the <S'0(28) and SU{2) or U{1) threshold corrections 
on the moduli, we have to carry out the integrals (4.16) and (4.48) or (4.50) over of the fundamental 
domain 3" of the modular group. Since both integrands T2T2^2{T,U)Aa are invariant under the full 
modular group F, we are entitled to compute these integrals by unfolding the lattice sum, a method 
pioneered by Dixon-Kaplunovsky-Louis (DKL) to evaluate threshold corrections for heterotic Mst = 2 
compactifications [93].^^ 

^^The Qr, = 1 case (4.52) with '^^^^'"(^'^^^ *scj(2)) _ g recovered from expression (4.53) by setting £ = 1, replacing 

the 517 (2)fc_2 contributions by the identity and using the identity for i^-functions (C.5). 
^*This method actually goes back to the study of string thermodynamics [94—96]. 
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More recently, an alternative method [97, 98] has been developed to evaluate these integrals, which 
keeps manifest the T-duality invariance of the result under the 0(2, 2; Z) group of the Narain lattice. 
Generalising an idea developped in [99-101] which proposes to unfold the integral domain against the 
(modified) elliptic genus rather than against the torus lattice sum, these authors have shown how this 
procedure could be extended to any BPS-saturated amplitudes in string theory compactifications of the 
form Jg, ^ T2^'^rd+k,d{G, B, Y)A, by rephrasing ^in terms of a certain class of non-analytic Poincare- 
type series. 

Given that A generically includes non-holomorphic terms such as (^2)^^*12-5, with a combi- 

nation of products of holomorphic Eisenstein series of weight 12 — g, and may exhibit poles in q related 
to unphysical tachyons, the authors of [98] have shown that all modified elliptic genera of interest can 
be appropriately rewritten as a linear combination of Niebur-Poincare series [102, 103] T{s, a, r), with 
Re(s) > 1 lying within the radius of absolute convergence of the series. Considering at first a genus A 
which can be any weakly holomophic modular form, these authors have shown that by specialising to 
Niebur-Poincare series with s = 1 — | and r < and taking a suitable linear combination of those series 
whose coefficients are determined by the principal part of A, one can reproduce A exactly, even though 
^"(1 — ^,a,r) taken individually are generically weak harmonic MaaB forms. This analysis extends 
to genera A which are weak almost holomorphic modular form, by consider a combination of Niebur- 
Poincare series with s = 1 — ^ + n and n G N. This applies in particular to gauge threshold corrections 
for heterotic Mst = 2 compactifications (3.14) discussed previously. Then absolute convergence of the 
Niebur-Poincare series for these specific values of its weight r allows to properly unfold them against 
integration domain 3^ and compute the integral in a way that keeps manifest the 0{k + d, d; Z) invariance 
inherited from the Narain lattice. 

Since for s = 1 — | with r < in particular the Niebur-Poincare series belong to the space 
of weak harmonic MaaB forms (3.29), we can in principle consider rephrasing the four-dimensional 
genera for warped Eguchi-Hanson, eq. (4.16) and (4.48), by use of this method. However we will prefer 
evaluating these integrals by the traditional 'orbit method' of DKL, since the result is more directly 
interpretable, for large T2, in terms of perturbative and Euclidean brane instanton corrections in the type 
I S-dual theory. The procedure [97, 98] albeit yielding a compact and elegant result for string amplitudes, 
is less suited to study this comer of the moduli space. 

Nevertheless, the non-compactness of the heterotic background we are considering, manifested in 
the contribution (4.17) of non-localised bulk states to the gauge threshold corrections, will entail novel 
results for these integrals for each class of orbits of the modular group. For the zero orbit piece, in 
particular we will even have to resort to results established in [98] by the procedure we elaborated on 
above, in order to exactly determine the flux contribution to the tree level correction to the heterotic 
gauge couplings. 

In the following, we will restrict ourselves to working out explicitly the gauge threshold correc- 
tions (4.43) and (4.50) in the model with Q5 = 1 unit of flux. The dependence of the resulting thresh- 
old corrections on the (T, U) moduli of the two-torus will be qualitatively the same as in the general 
Qs = A;/2 > 1 case. At first sight a discrepancy might arise as one considers the seemingly more 
involved structure of the bulk modes contribution in the general Q5 > 1 case. However, by comparing 
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expressions (4.17) and (4.38), it appears that despite a mixing with SU{2)k-2 characters the contribution 
of continuous SL(2, R)k/U(l) representations is very similar to the non-holomorphic completion (4.38) 
for the Q5 = 1 case, with a sum shifted by the SU {2)^-2 spin. 



5.1 The orbit method 

The orbit method allows to compute integrals over the fundamental domain 3^ by trading the sum over 
the winding modes in the partition function (2.22) for an unfolding of 3". 

Following DKL [93], we decompose the set of matrices A in the lattice sum (2.22), encoding 
the maps from the worldsheet to the target space, into orbits of the modular group T = PSL{2, Z), 
characterised as follows: 

i) Invariant or zero orbit: 

^ = I : : 1 • (5.1) 




ii) Degenerate orbits: det A = and A^O, parametrised by: 

^=("■'1 (5.2) 




with {j,p) ~ {-j, -p) and AV = AV iff F = T^F', for some neNmdV,V' eV. 
in) Non-degenerate orbits: det A^ 0: 

with d > j > 0, p ^ and AV = AV, for V, V G T. 

Since distinct elements of degenerate and non-degenerate orbits are in one-to-one correspondence 
with modular transformations mapping the PSL(2,Z) fundamental domain 3" inside, respectively, the 
strip S = {rG3i| — ^^ti<|, r2>0}, and the double cover of the upper half -plane 'K, the gauge 
threshold corrections (3.11) can be expressed as follows: 

A„ = AO + A^ + Ar-''^g 



fc>i>Op7^o 

If the modified elliptic genus Aa exhibits a g^^ pole, which is typically the case for expressions (4.43), 
(4.50), (4.16) and (4.48) as was pointed out in (4.20) and (4.45), the unfolding procedure (5.4) is sub- 
ject to a caveat. When such a pole is present, convergence of the original threshold integral dictates a 
prescription for its evaluation, namely that we integrate first over ri, discarding all Fourier modes of 
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Aa except the zero modes, and only then over T2. In general, the modular transformations 7^ that bring 
the matrix A into the forms (5.2) and (5.3) characteristic of degenerate and non-degenerate orbits trans- 
late the latter into a highly a complicated, 7, dependent prescription for the integration domains of the 
unfolded threshold integral, which usually invalidates the decomposition (5.4). Then, when unphysical 
tachyons are present in Aa the identity (5.4) only holds when the integral over 3^ on the LHS is indepen- 
dent of the integration order, which is the case whenever the integration of the (ni, / (0, 0) terms 
in the Lagrangian lattice sum (2.22) is absolutely convergent. If Aa contains aq~^ pole, this is the case 
when T2 > 1, so that expression (5.4) is only valid in this regime. 

5.2 Moduli dependence of the 5'0(28) threshold corrections 

We give hereafter the threshold corrections to the SO{28) gauge coupling for the model (4.43) with 
Qs = 1. The details of the evaluation of the integrals corresponding to the three classes of orbits of F 
are given in Appendix F. We will nontheless discuss later on some salient features of how the moduli 
dependence of the flux contributions can be established, as it is an interesting novel result. The following 
expression is valid in the region T2 > 1 as discussed before-^^: 

A50(28)[l] = ^T2- {log\rj{Ut + ^og{f^' T2U2) +7) - 1^^^+ 



-. 00 



n=0 



' ra(n+l) ^ 




fc>j>Op>0 ^ 



T2 

+ c.c. 



(5.5) 

In the following, we will discuss the physical implication of the various terms appearing in the above 
result, after giving proper definitions of the expressions entering into it. 

The zero orbit contribution 

We first observe that in accordance with the double-scaling limit (2.15), the expression (5.5) does not 
depend on the blow-up modulus a, which can be rescaled away in the near-horizon geometry (2.16). We 
are however aware of the possibility for worldsheet instantons to wrap the blown-up and to contribute 
accordingly to the threshold correction (5.5). As we will show, these terms can actually be found in the 
zero orbit contribution to ^so{28) [1]' the first expression on the first line of (5.5) proportional to T2. 



^'Note however that the continuous state contributions in the last two lines of (5.5) only take this form in the large volume 
limit of the T^, while for finite volume these expressions are more involved, as we will see later on. 
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To identify these worldsheet instanton contributions, it is more handy to reason in terms of the type I 
S-dual theory on x EH, which has space-time filling D9 branes supporting the unbroken gauge group. 
When the singularities in the background geometry are resolved, the gauge kinetic functions of the gauge 
factors receive a tree-level (disk) contribution of the type [79]: 



~ Vdet(Pb + J^])r, (5.6) 

two-cycles 

with P[...] the pull-back to the blown-up two-cycles. For smooth K3 models, such contributions to the 
gauge kinetic functions typically arise from SU (2) gauge instantons attached to the blown-up P^'s, see 
discussion following eq. (3.19). Here, in contrast, we have U{1) gauge instantons (2.17b) instead of non- 
Abelian ones, living on the unique two-cycle of the warped Eguchi-Hanson space. In the blow-down 
limit, these typically give rise to small Abelian instantons sitting at the singularities, a phenomenon which 
also occurs at the orbifold fixed points of the singular Umit of Bianchi-Sagnotti-Gimon-Polchinski mod- 
els [104, 105]. This indicates that the corrections due to worldsheet instantons wrapping the blown-up 
we are looking for are summed up in the ^ coefficient of the zero orbit contribution in expression (5.5). 
If we were to determine this constant for the theory (4.16) at arbitrary five-brane charge Q5 we would 
see these instanton contribution appear exphcitly as e"*^" corrections. 

To conclude the discussion on the zero orbit piece, let us remark on some technicalities in the deter- 
mination of the contribution related to the flux, i.e. from the second term on the RHS of eq. (4.43). From 
appendix F.l, this part of the zero orbit contribution, which is separately modular invariant, reads: 



^ _T2_ f dV F{E2Es - Eio) 
'fl- - (24)2 ^2 ^21 



Using Stokes' theorem (F.7) for modular integrals over 3^, then integrating by parts and remembering that 
the weight 1/2 MaaB form F (4.38) has shadow g = —3^2,1]'^, see (F.I7), we may rewrite it according 
to (F.l 8): 



A2, 



f .2 d f E2{E2E8-2Ew) \ 

/ ^ ^ X (5.8) 

/ /- / dV , .3 fE2{E2Es-2Eio)\\ 

= w [ " T ^^''^ ^ — — ^ ) ■ 

The first term on the last line of (5.8) comes from evaluating the integral (F.I 9) using the standard 
formula (F.8). The second integral inside the parenthesis, called iffux/^ in the appendix eq. (F.2I), is 
more involved. Using Poisson resummation, we can reexpress: 

(5.9) 



As the rest of the integrand on the last line of expression (5.8) exhibits a ^ pole coming from the cusp 
form and since the the radius of the second Fi 1 in (5.9) is fixed at i? = the integration of the 



^*We are very grateful to J. Manschot for invaluable help tackling this integral. 



43 



n 7^ terms in the Lagrangian lattice sum (5.9) are not absolutely convergent, so that one cannot unfold 
the integral against it. This is were the novel approach to modular integrals developed in [97, 98] comes 
into play: by considering the Niebur-Poincare series [102, 103] 

(c,d)=l 



which for the weight values r ^ of interest are defined by: 

MsA-y) = (47ry)^-^e-2-2' iFi(s + §; 2s; 47ry) , (5.11) 

we may rewrite the second part of the integrand in (5.8) as the linear combination [98]: 

E2{E2E8- 2Eio) ^ 1 ^^^^ _ 1^ 0) + 23 1, 0) + 432 . (5.12) 

r] 5 

By reexpressing the integral 1'^^^ in terms of expressions (5.9) and (5. 12), and by unfolding the fundamen- 
tal domain against the absolutely convergent Niebur-Poincare series in (5.12), we obtain, from eq.(4.18) 
in [98] the result I'^^^ = 40. Putting the two pieces of eq. (5.8) together, we thus arrive at (F.22): 



K..= ^^j2. (5.13) 



Adding up the flux contribution and the i/e K3 contribution appearing in (4.43), yields the zero orbit 
piece (F.23) on the first hne of the RHS of expression (5.5). We refer the reader to the detailed calculation 
in(F.ll). 

Contributions from degenerate orbits 

The first, second and third Unes of the RHS of expression (5.5) capture the contributions from degenerate 
orbits of r, determined in appendix F.2. These are expressed in terms of generalised Eisenstein series ^'^: 

which reduce to the well-known real analytic Eisenstein series for ^ = (see eq. (F.30)): 

£o{U,s) = E{U,s). (5.15) 

In particular, upon patching together 16 local models such as (2.2) into a full-fledged heterotic compact- 
ification with flux, the sums over in the (generalised) Eisenstein series (5.14) are expected, like 
for smooth x models, to correctly reproduce the double sum over Kaluza-Klein momenta in the 
open-string channel of the corresponding type I compactification [112]. 



^^More recent works on the subject can be found in [106-109]. 

^"in another context, a close relative of these generaUsed Eisenstein series with A^Q and for s = 3/2 appears in [1 10, 1 1 1], 
where it captures corrections to the metric of the hypermultiplet moduli space of type IIB compatifications on CY threefolds 
due to E(-l) instantons, and to El instantons wrapping two-cycles in the geometry. Here however the interpretation is different 
as we will see. 
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To be more specific, the second and third term on the first Une of (5.5) are the degenerate orbit contri- 
bution coming from states locahsing on the blown-up which, in accordance with results for compact 
heterotic models, are expressed in terms of the real analytic Eisenstein series (5.15). In particular, the 
first contribution proportional to E{U,1) exhibits a logarithmic IR divergence which can be regularised 
as follows: 

E{U, 1) = -f (log \7l{U)\^ + log (/i^ T2 U2))+-f (5.16) 

with 7 a renormalisation scheme depend constant. In particular, if we adopt the regularisation [93], 
which introduces a (1 — e ^2 j regulator in the integrand of (F.30) for r = 1, and eliminate the IR cutoff 
by sending AT — > 00, which corresponds to sending /x ^ 1 in expression (5.16), we get: 

7 = l + log^-7E, (5.17) 

with jE being the Euler-Mascheroni constant. Furthermore, the constant multiplying the second term on 
the first line of (5.5) is _^£^^M (ggg discussion about /3-functions for both gauge factors below). Since 
expression (5.16) contains the regulator — log/i^ which is an IR effect, we indeed expect only massless 
modes to contribute to this constant factor. In our local model, only localised states (from discrete 
S'L(2, M)2/C/(l) representations) give rise to BPS massless modes, and it can be checked from (F.26), 
(F.29) and (F.30) that these states alone and non non-localised states contribute to the coefficient in front 
of E{U, 1), in accordance with the fact that 650(28) counts the number of massless hypermultiplets (3.20). 

The second and third line of (5.5) are the contributions from non-localised states carrying continuous 
SL{2,M.)2/U{1) representations. Their coefficients are determined by the Fourier expansion of the 
following holomorphic (quasi-)modular forms (F.27): 

^53^=1: *(")"". ^= <5.i8) 

^ ' n=0 ^ ' n=-l 

To see how the generalised Eisenstein series (5.14) come about, we single out the contribution from bulk 
states, which is given according to the second line of (F.29) by the following simple integral: 

(i,p)7^(o,o)'^o 2 „=o ^ 2 / 

X erfc((n + 1)^2^) . (5.19) 

We now exploit the fact that the series R{0\t) (4.38) converges absolutely and uniformly for T2 > [47] 
to invert the integral and the sum over n, and we then use the following integrals: 

Ir{a,b) = / ^— :erfc(av^)e~^ , r^O 

Jo ^ 

db) L ^^'^'=(«^)^"' = i-56 




(5.20) 

T{r + \)^F2{\;l\-r-aH) + 



" F2{r + l;r + lr + 2;aH) 



(r + l)r(r + i) 
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In particular, expression (5.19) is given in terms of the following functions: 



by identifying 



/o(a, b) = ^ , h{a, b) = (i±^ e-^aVl (5.21) 

a = V2^{n + \), b='^\j+pU\\ (5.22) 

SO that Ajgg[l] precisely gives the second and third line of (5.5). For degenerate orbits, we observe that 
bulk contributions distinguish themselves from the contributions of localised states by an exponential 
suppression in i ■)^/2^(^7, s) in the large volume limit of the T^, a novel feature with respect to 
compact models which appear to be peculiar to local models with non-localised bulk states in their 
spectrum. 

To try and grasp the physical significance of the degenerate orbit contributions, let us first concen- 
trate on localised states. These give rise the E{U, 1) and E{U, 2)/T2 terms in the first line of (5.5) and 
are on every count similar to contributions from degenerate orbits for heterotic x K3 compactifica- 
tions (3.16). By using the correspondence [113, 114], they can be shown to map on the type I side to 
(perturbative) higher-genus contributions correcting the Kahler potential and the 5*0 (28) gauge kinetic 
function. The particulars of this mapping can be understood as follows: under S-duality, the heterotic / 
type I string couplings and the Kahler modulus transform (in the a-model frame) as: 

Ahet = ^, T|'«' = ^, r^t = r{, (5.23) 

with Ahet given by the double-scaling parameter (2.15). Then, the expansion in inverse powers of T2 
characteristic of the degenerate orbit contribution is translated to a higher genus expansion on the type I 
side [65, 112], with Aj playing the role of the open-string loop-counting parameter. Thus, the zero orbit 
contribution, proportional to T2, corresponds to the leading, x = 1 diagram contribution in the dual 
type I theory, coming from the disk amplitude, while the E{U,1) term is mapped to % = subleading 
corrections corresponding to a combination of the annulus and the Mobius strip amplitudes, and finally 
the E{U, 2)/T2 term is translated to a % = —1 two-loop diagram, such as the disk with two holes. 

From this angle, we expect the second and third line of the threshold (5.5) to encode higher pertur- 
bative corrections on the type I side due to non-localised bulk states. This should be verified by carrying 
out in the large T2 limit the appropriate expansion of the exponential factor. In this regard, the observed 
mixing of the U and T moduli in the e ^'^("^+2)V"c^b^2+j| f^j,|^Qj.g generalised Eisenstein se- 

ries (5.14) seems at first sight puzzling. Nevertheless a similar mixing which occurs in thelog(/i2r2?72) 
term regularising the IR divergence in E{U, 1) (5.16) sheds some light on this issue. Since non-localised 
state contributions to the threshold corrections act as regulator of the infinite volume divergence of the 
underlying CFT target-space, we can understand this mixing as a distinctive feature of compensating for 
the holomorphic anomaly of the modified elliptic genus. This however remains an analogy since in the 
first case we regularise an IR divergence in the effective field theory with a scale dependent regulator, 
while in the second case we renormaUse the infinite volume divergence of the transverse space, where 
no scale is present to fix a cutoff on the massive non-localised modes of the theory. 
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Contributions from non-degenerate orbits 

The contribution corresponding to degenerate orbits of F appear in the last two lines of expression (5.5), 
as computed in appendix F.3. On the type i side, these terms map to non-perturbative corrections due 
to El instantons wrapping the T^, since they are function of the induced Kahler and complex structure 
moduU: 

r = kpT, U = LtlE . (5.24) 

k 

In particular, by using the heterotic / type I map (5.23), we see that the factor e^'^^ in the fourth Une 
of expression (5.5) is precisely the exponential of the Nambu-Goto action of an El string wrapped 
N = kp times around the T^. The non-degenerate orbit contribution is also written as an expansion 
in the inverse volume of the obtained by acting on the elliptic genus with the modular invariant 
operator {—iDy {T2drY which annihilates holomorphic modular forms. Then, this expansion can be 
elegantly expressed in terms of two descendants of the modified elhptic genus, namely: the weight 
weak harmonic MaaB form: 

Axir) = i-iD)TidrAso{28){r) 

= "144^ {^'^'' + + " [^'^' + + ^^'M ) " (5.25) 



TT 

71 



EiEs + I7E2E1Q - 8Ei - lOEl {^mf 



where the covariant derivative reduces to Dq{F Irj) = tt ^idr{F /rj)\ and the weight —4 weak harmonic 
MaaB form: 

Ah{t) = {TldrfAso{2S){r) 



48V27r77 



24 



((7rr2)2^2(^2^8 - ^10) - I'^Es) iV^mf ■ 



The interpretation of the non-degenerate orbit contribution as El multi-instanton corrections on the type I 
side becomes more manifest if we reexpress it by use of the Hecke operator H^, which acts on a modular 
form of weight r as follows: 

k,p>0 k>j^O ^ 

kp = N 

and thus preserves the space of modular forms of a given weight. Adopting a compact notation for the 
differential operator appearing in (5.5): 

D : Mr — 

(5.28) 
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the last two lines of the threshold corrections (5.5) can be expressed in terms of a sum over Hecke 
operators (5.27): appUed to weight weak harmonic MaaB forms: 



Anon-deg ^ 

^^50(28) ~ 4 

N=l 



e Hn 



1 



2iTiNT \" 



iV=l 



^^(r + 2)!(iVr2)-+2 



H 



N 



iu) + 



\-iDY+^ 2)''ifo(28)l (U) + c.c. . (5.29) 



This rewriting makes particularly manifest the non-perturbative nature of these contributions on the type I 
side, where they map to multi-instanton corrections, due to El instantons wrapping N times the T^. Anti- 
instanton contributions are also taken into account in the complex conjugate of this expression, which 
corresponds to terms with p < in the sum on the last line of (5.4). Expressing the instanton sum in 
terms of a sum over Hecke operators, as in (5.29), which by construction preserve the weight and modular 
properties of the forms, has the virtue of making apparent the invariance of (5.5) under SL{2,Z)u, in 
keep with the corresponding global symmetry of the background. 

The bulk state contributions: finite and large volume expression. In the following, we will elaborate 
on some subtleties in the derivation of the non-degenerate orbit contribution coming from non-localised 
bulk states. The details on how to evaluate the integral (5.4) over the double cover of !K can be found in 
appendix F.3. In particular, from the last two Unes of (F.35), we obtain the contribution of bulk states by 
using (F.40): 



\n I g27riT 



di{m) 



TrU2 



d2{m) 



3 
7r72 



^non-deg[l] - X] ^ IZ^ 

k>j>Op>0 n,m 

OO p 

^ g2.^(m-in(n+l))W _ 2e2-^i ^ e„,, di(m) (rsWs)'^^ W,,„,^(r,Z^) 



1=0 



--d2(m)(r2W2)'-2 w,_i,„,^(r,zY) 1 +C.C. 

with di{n), i = 1, 2 the coefficients of the Fourier expansions (5.18), while the coefficients: 

TT- (V2(n+i))''"^^ 



(5.30) 



Ct7,.tt7, 



m! 



m + 



are obtained by expanding the complementary error function, which is an odd entire series: 

erfc((n + \)^^2^2) = 1 - E(-)"^".-^2"^' • 

m=0 

We also use the compact notation: 

Ki(2Tr\r2 + {m-^n{n + l))U2\) 



(5.31) 



(5.32) 



Wi,n,miT,U) 



T2 + {m- in(n + 1)) U2 



(5.33) 
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given in terms of the modified Bessel functions of the second kind: 

Kaiz) = dt e-^ ''"^^^ cosh at, Re z > , 
Jo 

which are clearly even in a: 



Ka{z) 



ms (5.3^ 

r(a + n + i) 1 



Now, for z G M and z I — 4 1 the Bessel functions (5.34) have the series expansion: 



(5.34) 



(5.35) 



(5.36) 



2z ^^n!r(a-n+i) (2z)» ' 

since for 2; > it can be shown that by considering an asymptotic expansion where we truncate (5.36) at 
n = A?^, the remainder R of this series is bounded by [1 15]: 

r (a + 2n + 



\R\< 



(2n)!r(a-2n+ ^) {2z] 



2n 



n 



(5.37) 



which is less than the absolute value of the first discarder terms in (5.36). Then, when in particular 
2; S> |a^ — ||, we obtain the infinite power series expansion (5.36). 

Therefore, by considering a region of the moduli space where T2 is large enough, we can ex- 
pand (5.30) as follows: 



a: 



non-deg L 



k>j>Op>0 ^ n,m 



-lY 1 



1=0 



s,r=0 



{AttY s\r\ 



r(Z + s + r + i),^ ^ r(/ + s + r- i) 3d2(m) 



r(/-s + i) ^ ^ r(Z-s-i) 7rU2 
X ([m-in(n + l)]iY2)''^e2'^^('"-^'*('*+i))"+c.c.. (5.38) 
Then, since for half integer argument the F-function has an expression in terms of double factorials: 



1. _ (2fc-l)!!0F '^'V^ _ (-)'^ 



r (i - fc) = i-f 



we can elegantly express (5.38) by means of the modular invariant operator [65] 

□ = uiduBu 

which annihilates holomorphic modular forms, by observing that: 



ken, (5.39) 



(5.40) 



TT 



r(/±i) 



47rr(/-l±i) 



T(l + 2±^) , ,2 1 r(/ + 2±i) 



+ 



1 r(/ + 2±|) 

(47r)2r(/-2±i) 



(5.41) 
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Then, in the large T2 region, the contribution from bulk states (5.38) can be written as follows: 



fc>j>Op>0 



n=0 



^erfc((n + i) e-("+^)^" ^^^^^^ff^ ' ^"^^^ + c.c. . (5.42) 



The expansion in □ can alternatively be reorganised as a power expansion in the covariant derivative 
S) (5.28), so that by putting together the contribution of localised states (F.35) containing the Mock 
modular form F (4.39) and the bulk state contribution (5.41), we can reconstitute an expression in terms 
of the MaaB form Fipl) (4.38), which is therefore manifestly SL{2, Z)u invariant as already discussed: 



k>j>Op>0 ^ r=0 ^ 



F{U) DsEsiU) 



21 



+ c.c. . (5.43) 



Then, by using formula (C.17)-(C.20), the instanton contributions on the two last lines of (5.5) can 
be compactly expressed in terms of the modified elliptic genus in (4.43) and its descendants (5.25) 
and (5.26). 

In this respect, since the operators {—iDyS)^ annihilate holomorphic modular forms and terms 
for s > r positive, the contribution of locaUsed states to the non-degenerate orbit integral stops at the 
0(T^^) term AgQ^28)' ^^^^ expansion in powers of is finite and governed by ^max (3.22), whose 
value is dictated by the number of unbroken supercharges [65]. In contrast, because they enter into the 
threshold corrections through the combination gg* of the shadow function and its transform (see last term 
in eq. (4.51) with F = F + g*), bulk state contribute an infinite number of descendants of the modified 
elliptic genus to the non-degenerate orbit integral, such in particular as the {—iDY'^'^D^ AgQ(^28) te^s 



in eq. (5.5). The 7^ ^ expansion in the large volume limit (5.38) indicates that this is not in contradiction 



with space-time supersymmetry, as the highest power of is in this case still g'max = 1, as expected 
from a background preserving A/^t = 2 in four dimensions. 

Since the modular invariant descendants of the elliptic genus {—iDyD^Aso{28) actually determine 
corrections to various dimension-eight operators in the effective theory [65], this analysis tends to sug- 
gests that non-localised bulk modes in non-compact heterotic models entail an infinite number of such 
corrections to the effective action. 

Let us make one final comment about the finite / large volume issue in determining instanton thresh- 
old corrections. The large volume limit used to derive the bulk state contributions on the last two lines 
of expression (5.5) makes manifest, on the type I side, the exponential e^^^' of S'ei = 2ttn(^'^ — iTl^ 
which is the classical action of an El instanton wrapping N times the T^. In the finite T2 > 1 regime, 
we have in contrast to use the more involved expression (5.30). There, the exponential of the topological 
part of the action ImS'ei = —2^ I is still apparent, while the part of the action depending on the 



pull-back of the metric on the instanton worldvolume RcS'ei = 2na'Xi I y l^il is now apparently 
entangled with the complex structure modulus, a peculiarity that calls for further investigation, possibly 
of the the S-dual type I model. 
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5.3 Moduli dependence of the SU{2) threshold corrections 

The SU{2) threshold correction can now be determined very economically by using the difference (4.52), 
whose the RHS can be readily integrated: 

A5t;(2)[l] -2Aso(28)[l] = 12 jj^T2,2{T,U) 

= 47rT2 - 12( log \r]{U)\^ + log(//2 T2U2) + 7) + 24 ^ "'"^ (^""'^^^ ' ^^'"^^ 

Using the 5*0(28) threshold just computed (5.5), we get a general formula for the /3-ftinctions: 




(5.45) 



As previously seen: ^50(28) = 4 and tsu(^2) = —44, leading to the following ^-functions for the Q5 = 1 
model : 

^so{28) = 4 , bsu{2) = 56 . (5.46) 

This is in perfect agreement with the field theory results (3.21) obtained from the hypermultiplet counting 
in table 1. 



6 The dual type i model 



As discussed in the previous section, the gauge thresholds (5.5) and (5.44) translate as perturbative 
and instanton corrections to the Kahler and gauge kinetic functions in the S-dual type I model. In the 

case under scrutiny, this theory only has space-time filling D9-branes, which support the gauge group 
50(28) X SU{2). Half D5-branes at singularities which are usually necessary in orbifold models for 
anomaly cancellation [116] are absent here, since the Ai singularity is resolved and the tadpole equa- 
tion (2.12) is satisfied by U (1) gauge instantons on the blown-up two-cycle. 

A microscopic description of the type I theory dual to the warped Eguchi-Hanson heterotic back- 
ground can still be hard to come by. Nevertheless, by using the field theory dictionary [113,114] mapping 
heterotic gauge threshold corrections to type i one-loop corrections to the gauge kinetic functions: 



l-loop 



Re/„(M)|i.i„„p-^ 



log {-iS + iS) - log 



-''^-'Planck 



+ 



1 

+ 4 



ca K{M, M)-2J2 TaCR) log det Cr(M, M) 



R 



(6.1) 



these corrections can be extracted from the heterotic result, even when the corresponding type I model is 
unknown. In particular, on the RHS of eq. (6. 1), K{M, M) is the tree-level Kahler potential, dct Cr (M, M) 
the determinant of the tree-level Kahler metric for the matter multiplets in the representation R of the 
gauge group factor Ga, and the model dependent constants: 



R 



(6.2) 
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which for A/'sT = 2 theories are equal to 6a/2, see (3.3). 

For our purpose, we alternatively express the heterotic one-loop gauge thresholds (3.1) in terms of 
the axio-dilaton multiplet S and the universal function A^inp/{M, M), as in (3.2), and decompose the 
latter into harmonic functions and a non-harmonic remainder: 



Au„iv(M, M) = V{M, M) + H{M) + H{M) . (6.3) 
Then, by using the tree-level identification of the imaginary part of S: 

f.f2 

ImS = ^^, (6.4) 

we recover the corrected Kahler potential and gauge kinetic functions in terms of heterotic one-loop 
quantities [114,117,118]: 

Re /all-loop =/caIm-S+ M -c„iCtree(M,M) + 2^T„(R) logdetCR(M,M) + 

V R 

+ A(M,M) - A;„F(M,M)j , (6.5a) 

i^ll-loop =i^tree(M,M) - \og{-iS + iS - \V{M,M)) . (6.5b) 

As seen in the previous section, these corrections have a natural interpretation in the type I S-dual model 
in terms of perturbative string-loop corrections and non-perturbative corrections due to El instantons 
wrapping the T^. 

It has been shown [79] that for a general Mst = 2 heterotic orbifold compactification, the second and 
third term on the LHS of the first line of (6.5a) conspire to cancel the ba log(72[/2) term in the threshold 
correction (5.5) coming from the IR regulator in (5.16), due to the correlated way the Casimirs T(R) 
enter into the contribution from the Kahler metric of the matter fields and into the functions Ca (6.2) . 
Thus, the corrections to the gauge kinetic functions for both a = {SO{28), SU{2)} gauge factors are 
given by the harmonic contributions in (5.5) and (5.44): 

fa = -ikaS - M^^-^iT - K log viU) + ^ E E ^e^-^^„(Z^) . (6.6) 

In particular, they receive perturbative corrections from the disk and a combination of the annulus and 
the Mobius strip diagrams, along with El instanton contributions, which are given in terms of the holo- 
morphic part of the modified elhptic genera (4.43) and (4.50): 

Aair) = -| I^E,Ero - ^^^EI - ^-^EI - rfC^ {E,Es - E,o)) , (6.7) 

where we have defined the holomorphic function: 

oo 

Gi(r) = Fir) - 12 E(-)9-^^"+^^' , (6.8) 

n=0 
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and the gauge factor dependent coefficients previously determined are summarised in the table: 







ta 


ba 


SO{28) 


1 


4 


4 


SU{2) 


2 


-44 
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(6.9) 



In contrast, the corrections to the tree level Kahler potential of the effective type I theory is given 
by the non-harmonic real analytic part of (5.5), which for convenience we split into a perturbative and 
non-perturbative contribution: 

K = -\og[{T -T){U - U)] - log(a^) - log {-iS + 13- ^^^^ + ) , (6.10) 

These corrections originate from higher string-loop and multi-instanton corrections and yield: 



V (TU)- MM 



n=0 



V2C(3) ^ , ^ n(n+l) ^ ^(n+|)V27^(^'3/^) TT ^ ^ n(n+l) ^ ^(n+i)^(^^ 2) 
+ 2)^2(^) ^= 



27riT 



k>j^Op>0 



Ew{U)-rf'{U)F{U)E^{U) 



Ak{U) ^ 1 



r-=0 



(r + 2)!(r2)'-+2 



U2 



(6.11a) 



^TTrf{U)G2{U)DsE^{U) 



+ c.c. . 



where we have defined the non-holomorphic function: 

00 

G2{r) = ^(-)"E((n+ i)V2^)g-^("+5)' 



(6.11b) 



(6.12) 



n=0 



Note in particular that in these expressions 5^(2, 'L)t modular transformations mix perturbative and 
instanton corrections, in accordance with the fact that T-duality is not a symmetry of type I string theory. 



Some comments about El instanton contributions : the analysis in terms of Hecke operators (5.27) 
gave us an understanding of the non-perturbative contributions in (6.10) and (6.6) as coming from El 
instantons wrapping N times the T^, so as multi-instanton corrections. Since the Ai singularity is 
resolved, all potential El instantons initially sitting at the fixed point in the orbifold limit have been 
moved away from it. Thus all such instantons present in the blowup regime are either localised on the 
resolved two cycle or at some position in the bulk. Thus they all carry SO{r) Chan-Paton factors. These 
El instantons are characterised by the following uncharged massless modes: 

• in the antisymmetric representation ^ ^ • bosonic zero modes z and z and the corresponding 
fermionic ones A"'" and A"'", 
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• in the symmetric representation ^^^^ ' : bosonic zero modes x^, p, 9, (j) and -0 and fermionic zero 
modes x"'" and x"'". 

The strings extending between an El instanton and a stack of n D9-branes produce in addition a bosonic 
zero mode a in the bifundamental representations (r, n) + (f , n). 

As a final remark, since for instantons to contribute to the gauge kinetic functions they should possess 
four neutral massless zero modes [119-121], we expect most of the zero modes listed above to acquire 
a mass through the Scherk-Schwarz mechanism. To determine the surviving zero-modes, one should 
analyse the subspace of the multi-instanton moduli space for the A^-instanton contributions (5.29), cor- 
responding to deformations of the instantons along the warped Eguchi-Hanson space, in order to find 
out when all the components of the multi-instantons coincide [122, 123], for instance on the resolved P^. 
This we will not attempt here. 

7 Perspectives 

In order to generalise the results presented in sections 5 and 6, it would be interesting to compute ex- 
plicitely the modular integrals (4.16) and (4.48) for generic five-brane charge Q5. This would allow to 
distinguish explicitely the contributions from worldsheet instantons wrapped around the P^, by isolating 
g-fcn f^QfQj-g jj^ [YiQ tree-level contribution to the heterotic gauge thresholds. Then, one could repeat in 
this case the analysis of section 6 and explicitly extract perturbative and non-perturbative corrections to 
the Kahler potential and the gauge kinetic functions for arbitrary five-brane charge Q5. 

In this perspective it would be interesting to be able to cross-check the results we obtain on the 
type I side from S-duality by direct string amplitude computations, along the line of [72], and have an 
explicit derivation of Chan-Paton factors attached to the El-brane instantons, as in [24]. This would be 
particularly attractive in the present models which allow to go beyond the large volume limit commonly 
considered for type ll (orientifold) models. An explicit description of the lifting of fermionic zero modes 
by instanton effects in the torsional local models considered here would also be appealing. This analysis 
would call for a microscopic understanding of multi-instanton effects originating from El-branes by 
adapting the approach [122-125] to smooth local non-Kahler geometries with non- vanishing five-brane 
charge. 

A very important follow-up of this paper would be to consider the situations where the fibration of 
the two-torus over the base is non-trivial, i.e. geometries of the type ^ — > eh [19]. The main 
novelty in these cases is that the topology of the solution is modified, namely the x is replaced by 
S^/Zjv X S^, the first factor being a Lens space. Therefore the El instantons can only wrap a torsional 
two-cycle, meaning that the instanton sums should terminate at wrapping number N — 1. This would 
be a very interesting new effect. Another interesting novelty with non-trivial fibration is that part of the 
torus moduli are restricted to a set of discrete values [126]. The explicite computation of gauge threshold 
corrections can be done straightforwardly as the worldsheet CFT is also known in these cases. 

Finally, a most challenging extension of this work is the computation of threshold corrections for 
genuinely compact torus fibrations — > K3. There, the worldsheet CFT is not known; one 
should then rather use the gauged linear sigma model description given in [7], or a purely geometrical 
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approach extending ref. [127] to generalised CY geometries. This would open an exciting avenue to 
tackle phenomenological issues such as moduli stabilisation due instantonic corrections to the Kahler 
potential, by extending the analysis [43, 44] to type I compactifications on smooth non-Kahler spaces 
supporting line bundles, without the restriction of considering a large volume limite thereof. Other appli- 
cations come from instanton corrections to gauge kinetic functions, which generically modify gaugino 
masses and gauge couphngs, and might thus affect the phenomenology of the effective theory. Construct- 
ing an exact CFT description for a full-fledged compactification of the local heterotic torsional models 
examined in the present work would prove particularly relevant to these questions. We expect to come 
back to these issues in the next future. 
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A Af = 2 characters and useful identities 
A.l Af = 2 minimal models 

The characters of the Af = 2 minimal models, i.e. the supersymmetric SU{2)k/U{l) gauged wzw 
model, are conveniently defined through the characters C^*^*' [128] of the [SU{2)k-2 x U{l)2]/U{l)k 
bosonic coset, obtained by splitting the Ramond and Neveu-Schwartz sectors according to the fermion 
number mod 2. Defining q = e^'^'^ for the complex structure r G 5{ and z = e^'"'"^ for the elliptic 
variable u e C, these characters are determined implicitly through the identity: 

xUi^\r)&s,2{^-^'\r)= E Ci,^'\i^'\T)Qm,k{^ - '-t\r) , (A.l) 

in terms of the theta functions of 5u(2)^: 

&m,k{r, ^)=Y. , m G Z2fe (A.2) 

n 

and xi_2 characters of the affine algebra 5u(2)^_2' 

, , . _ e2,+i,fc(HT) - e_(2,+i),fc(i^|r) 
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We also mention an identity on su{2)p. theta functions, which we use in the present work: 

Qm/pk/^{l^\T) = ^ 0m+2fcn,pfc(^|7") • (A.4) 

and another way of writing the SU {2)k-2 characters for u = 0: 

5:(2(fc-2)n + 2, + l)/-)(-»)^ 

m=l 

where ' = dy. 

Highest-weight representations are labeled by (j,m,s), corresponding primaries of SU{2)k_2 x 
U{l)k X U{1)2. The following identifications apply: 

(j,m,s) ~ {j,m + 2k,s) ~ 0',m,s + 4) ~ (| - j - 1, m + A;, s + 2) (A.6) 

as the selection rule 2j + m + s = mod 2. The spin j is restricted to ^ j ^ | — 1. The conformal 
weights of the superconformal primary states are: 

^= k^-4k + J for -2j^n-s^2j 

K ^ (A.7) 



V? 








4k 












+ 8 


Ak 



A = ^^-- + - + ^^for 2,^n-.^2fe-2,-4 
and their i?-charge reads: 

S TTl 



Chiral primary states: they are obtained for m = 2(j + 1) and s = 2 (thus odd fermion number). Their 



conformal dimension reads: 

A = ^ = i-^. (A.9) 
2 2k ^ ^ 



Anti-chiral primary states: they are obtained for m = 2j and s = (thus even fermion number). Their 
conformal dimension reads: 

A = -^ = |. (A.10) 



Finally we have the following modular S-matrix for the M = 2 minimal-model characters: 

J ™ ^ 2k k 
The usual Ramond and Neveu-Schwarz characters, that we use in the bulk of the paper, are obtained as: 



(A. 12) 
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where a = (resp. a = 1) denote the NS (resp. R) sector, and characters with 6 = 1 are twisted by (— 
They are related to su(2)^ characters through: 



{u\r) = 



(z/|r) e^ fc(i/|T). 



(A. 13) 



In terms of those one has the reflexion symmetry: 



Cm 



Hr). 



(A. 14) 



A.2 Supersymmetric SL{2, R) /C/(l) 

The characters of the SL{2, M.)/U{1) super-coset at level k come in different categories corresponding 
to irreducible unitary representations of SL{2,R). 



Continuous representations: they correspond to spin J = ^ + ip and continuous momentum p G M"^ 
states. Their characters are denoted by chc(| + ip, M) [^] , where the U {\)r charge of the primary is 
Q = 2M/k. They read: 



chc(i + ip,M;i/|T) 



1 v'^+m'^ 



\y\T) Z k . 



(A. 15) 



Discrete representations: their characters chd{J, r) [^] , have a real SL{2, M) spin in the range ^ < 
J < -^yi. Their U{l)ii charge reads Qr = 2{J + r + |)/A;, r G Z. Their characters are given by 



chd( J, r; z/|r) 



-(J-l/2) +(J+'-+o/2) 2J+2r+a „ , , ^ 
l + (-)''zgV2+r+o/2 n^{T) ■ 



(A. 16) 



Chiral primaries: they are obtained for r = 0, i.e. M = J,m the NS sector (with even fermion number). 
Their conformal dimension reads 



A 



Or 
2 



J 
k 



(A.17) 



A«?/-c/2/ra/ primaries: they are obtained for r = —1 (with odd fermion number), and their conformal 

J- 1 



dimension reads 



A 



Or 

2 



k 



(A. 18) 



Finally we mention that the characters of the continuous representations in the limit p 0'^ branch 
into a linear combination of characters of discrete boundary representations [129]: 



lim Ch.n(^ + ip.r + ^ivW) 



Chd(i,r;i/|r) 



+ Chd(^,r;i/|r) 



reZfe (A.19) 
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Identity representation: this representation corresponds to the the vacuum of the level k super-Liouville 
theory, which is both a highest and lowest weight representation and a chiral and anti-chiral primary with 
spin and U {1)r charge J = = Qr. Its characters are labeled by a discrete charge r G Z: 



chid(r; z/|t) 



The identity representation in SL{2, M.)k/U (1) is non-normalisable. 



(A.20) 



Extended cliaracters 

Extended characters are defined for k integer by summing over k units of spectral flow [130].^^ For 
instance, the extended discrete characters of charge r G read: 



Chd( J, r; z/|r) [^] = ^ chd( J, r + few; z/|r) 



E 



b ^„kw+r+^ 



(^kw+r+^y 2(fc^+r+^) -dlflMT) 

q k z k . 



E 



1 + {-yzq 



(A.21) 



and the extended continuous characters: 



??3(r) 



C\{\ + ip,M-v\T) 



chc(^ + ip, M + few; v\t) 



q k 
rf{T) 



(A.22) 



where discrete M = 2 R-charges are chosen: 2M G Z2jfc. 

Finally we can also define by the same procedure extended characters for the identity representata- 
tion, with discrete charge r G Zjt: 



Chid(r;z^|r) 



chid(r + kw\ v\t) 



(A.23) 



Extended characters close under the action of the modular group. It is worthwhile noting how- 
ever that although all three kinds of extended characters separately close among themeselves under a 
T-transformation, only continuous extended characters (A.22) do so under S-transformation: 



1 p , ATipp' ^ 

-y^dp cos-^ )^ 



e —Ch.c{\+ip,M'-T) 



(A.24) 



Extended discrete / identity characters in contrast S-transform in a more involved way into combination 
of extended discrete / identity characters and extended continuous characters (see [129, 130]). 



^'One can extend their definition to the case of rational k, which is not useful here. 
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B Af = 4 characters 



B.l Classification of unitary representations 

Unitary representations exist for discrete values of the central charge c = 6k (k € N), for which the 
Af = 4 super-conformal algebra contains a su(2)^ affine subalgebra. The highest weight states are 
distinguished by their eigenvalue with respect to Lq: h, and their spin su(2)^ /. Unitarity imposes a 
bound on h: namely h > I in the NS sector and h > ''/4 in the R sector. Their characters are discussed 
in [84, 131, 132]. We summarised hereafter their distinguishing features. 

Massive representations: these representations have an equal number of bosons and fermions in their 
grounds states, and thus vanishing Witten index. Their characters are defined in terms of two parameters, 
1/ and 11, related, respectively, to the spin / and the fermion quantum numbers of a given representation. 
In the following, we denote y = e^^^^ and z = e^'^'^" . 

Ramond sector: in the R sector, massive representations exist for ^ > ^ and in the range \ <I<^: 

dilnM -"1^) = F'^iv, ^i\T) xtl (Mr) • (B.l) 

with xi-i the bosonic SU (2)k_i characters for / spin representation defined in eq. (A.3) and the elliptic 
function: 

-l„„n\/-\ I „,^—l„n—l\i'-i I 1 ^— 1 „n— 1"! 



n=l 



(1-^") (B.2) 



??(r)' 



Neveu-Schwarz sector: in the NS sector, we have the bound h > I and the spin is defined in the range: 
< / < . The characters read: 

ch-,,(i.,/.|r) = g'^-^^+5-^F-(z.,M|r)xLi(2Hr). (B.3) 

with: 

^Ns/^ Ir) = TT (1 + + y-'zq^--2){l + yz-\^--^)il + y-'z-\^--2) 

n=l ^ > (B.4) 

_ 1 i?3(^^ + A^It) 'dsji^ - IJ'\t) 
77(r)3 

Massless representations: these representations saturate the unitary bounds: = k/4 for the R sector 
and /i = / for the NS sector, and preserve A/" = 4 worldsheet supersymmetry. Their ground states have 
non-vanishing Witten index. These representations have been proposed as CFT T-dual description of 
(non)-compact manifolds with ci{A4) = and produce massless supergravity multiplets. 

Ramond sector: in the R sector, massless representations saturate the bound h = j and exist in the range 
0</< f: 

chlnjiu, /x|r) = g'^-T^T+i-M F^{u, m|t) x2i'"^ (2Hr) , (B.5) 
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where xlt^ ^ modified SU {2)^ characters for the spin I representation, defined as follows: 

^ ^ ' z??i(2i/|r) 



meZ 

^2(^+2) (m+(^) 2(^+2) (m+^) 



(1 + yzq-'^){l + y-^zq-"^) (1 + + y-'^z-'^q-"^) 



(B.6) 



Neveu-Schwarz sector: in the NS sector, we have the bound h = I and the spin is defined in the range: 



< / < f . The characters read: 



cK%,I{l^,^i\r) = g'-^+i-^ F-^{u,^^\r)x^:^l\r,2u) , (B.7) 
with the modified SU (2)^ characters: 



2 



^2(^+2) ^_2(K+2)(m+(i±i)) 



(B.8) 



Boundary representations: similar to what happens for A/ws = 2 characters (A. 19), we observe a 
reducibility of continuous representations when h reaches its unitary bound: 

with y = e^'^*'^. A similar relations holds for characters in the Ramond sector: 

lim ch^^ j(i/,/x|T) =ch.l . J {i^,ii\t) + {y + y~^) ^{i^, f^lr) + ch^ (i^, ^k) • (B-10) 

B.2 A/^ = 4 characters at level k = 1, with c = 6 

Massive representations: in this case, the spin and takes only two values: 7 = in the NS sector and 
/ = ^ in the R sector, which label representations of the su(2)^ subalgebra characterising the A/^s = 4 
super-conformal algebra at level k = 1. The corresponding characters are: 

1 



c\^%^^{y, ix\T) = g'^-i F^^i., f,\T) , h>0. 
dil^ , {v, M|r) = q^--^ F^u, //|t) , > i . 

In particular, when setting /x = we have: 



(B.ll) 



(B.12) 
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Massless representations: The spin has two values J = 0, 5 for both the R and NS sector. For /x = 0, 
the = 4 characters simpUfy considerably. 



Normahsable states: 



chf, iHt) = V 



-^1 2 ' 2 '—^ 

Non-normalisable states: 



r7(r)3 



ch 



1 - Z(P 2 



?7(r)3 



ch^ 1 Ay\T) = - > (-)"-^—; 

1,3,0V I / z^v ^ l-zg" 77(r)3 



nez ^9 2-1 ^\r) 

ch^ 1 i(z/|t) 



zg" + 1 ?7(r)^ ' 



-E(- 



zg" — 1 7?(t)3 



(B.13) 



(B.14) 



C Some useful material on modular forms 



Jacobi ^ functions 



7? 



(^.|r) = gK"-f e2-(--t)('^-|) , a, be 



with g = e27rir. In the Jacobi-Erderlyi notation one has : = 
^ [1] ~ Their modular transformations read: 



(C.l) 

^2, ^?[o] = and 



{iy\T + 1) = e-x«(«-2) ^ 



a 

a + b-1 



1? 



6 ■ 
—a 



Some useful identities: 



Jacobi identity: 



t?2(0|r)i?3(0|T)t?4(0|r) = 2ry3(r) . 
■&i{iy\T) - ^i{iy\T) + ??t(i/|T) - ^i{iy\T) = . 
^2(0|r)i2 - ^3(0|r)i2 + i?4(0|r)i2 ^ _48^(^)i2 



(C.2) 



(C.3) 
(C.4) 
(C.5) 



We now give expUcit expressions for the derivatives of the theta-functions with respect to the variable u. 
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• First derivatives in u: 



Also 





t) 




t) 




t) 




t) 




t) 




t) 



-t?3(0|r 



2 '&i{v\t){}z{v\t) 



From which we deduce: 



1 d {^i{v\t) 



TT dv V'^2('^|''") 

1 d /i9i(i/|r) 



TT dv \'d^{v\T) 



2 '^z{i^\r)'dA{'i^\T) 

2 '&2{^\t)'&a{v\t) 



^?2(0|r 

^?3(0|t) 



Second derivatives in v. 



Eisenstein series 

An example of weight 2k > 2 holomorphic modular forms is given by the Eisenstein series: 

(2A;)! ^ 1 



E2k{r) 



E 



(C.6) 



(C.7) 



(C.8) 



(C.9) 



(C.IO) 



where are the Bernoulli numbers. The holomorphic Eisenstein series E2 diverges and is quasi- 
modular under ^-transformation, since it is alternatively given by the following first derivative: 



12 



E2(r) = -5,logr? = l-24^-^ 

ITT 1 — 0" 



(C.ll) 



n=l 

It can nonetheless be regularised by a non-holomorphic deformation: 

3 1 



E2{t) 



lim > 



\mT + n|*(mr + n)^ 



(C.12) 



In the language of Mock modular forms, this corresponds to a non-holomorphic completion of E2 into 
the weight 2 MaaB form E2, whose shadow function g{T) = 12/7r is a constant: 



E2 = E2 

TTT2 



(C.13) 
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One can express the Eisenstein series in terms of Jacobi functions: 

Q 



n=l 

= \{4 + 4) {4 + 4) {4 - ^2) = 1 - 504 ^ ^ , 

n=l 

1 °° 7 n 

^8 = Ej = 1(4' + 4' + K) = 1 + 480^: ^ , 

n=l 

E,o = E,E, = --{-dfi^i + 4) + - - dfi^i + 4)) = 1 - 264 ^ . 



n=l 



1 ' 1 
n=l 

(C.14) 

Finally, the unique weight 12 cusp form and the Klein invariant are: 

ri"^ = = g - 2V + 252g3 + ■■■ , j = ^ = ^ + 744 + 196884g + .... (C.15) 

Modular covariant derivative 

We define the covariant derivative Dr which maps a weight r modular form $r to a weight r + 2 modular 
form as: 

^AM^(~ + ^)Mr). (C.16) 

and satisfies a Leibniz rule: Dr+s{^r^s) = ^sDr^r + ^rE>s^s, for ^r+s = ^r^s a modular form of 
weight r + s. In particular we have: 

^ 1 ^ 2 ^ ^ 

D2E2 = g {E4 — E2) , D4E4 = - [Eq — E2E4) , DqEq = E4 — E2EQ . (C.17) 

Combining the above: 

^8^8 = I {Eio - E2Es) , DwEio = I {2El + 3£;| - h^E^^) , D^r]'^ = - ^^2r/" • 

(C.18) 

Then, using the last of the above expresssions: 

^-2((v^^)V^)=- ^^y^\ Since i^_3(v^f?)^ = 0. (C.19) 
Also applying the Cauchy-Riemann operator the weight ( — | , O) modular form y^??) ^ we get: 



3i 



+ i-K^^ [ Dzf - (C.20) 



which is a weight ( — | , 2) modular form. 
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D Elliptic genus of the SL{2, M)k/U{l) CFT 



We summarise here the computation of the elliptic genus for the 5*^(2, M)fe/J7 (1) Kazama-Suzuki model 
(or equivalently M = (2, 2) super-Liouville theory), that was done in the work [46]. This elliptic genus 
is defined as usual by the trace: 

Zk{v\T) = Tvn^^H-. [e'^FqLo-t^qLo-fizJ''^ . (d.1) 

where the trace is over the Ramond sector of the Hilbert space weighted by the worldsheet fermion 
number operator F = Jr + J^, defined from both left- and right-[/ (1) R-charge currents of the theory. 

For a non-compact CFT, we expect the elliptic genus to receive contribution from both localised and 
non-localised states, and we split (D.l) accordingly 

M^\t) = Ziii^lr) + ZI{u\t) (D.2) 

where again c and d refer to continous and discrete SL{2, M.)k/U (1) representations. 



Discrete representations 

The contribution of discrete representation can be straightforwardly computed either by a free field cal- 
culation or by the algebraic method used in the bulk of this work. By this latter method, we obtain the 
result by summing all extended discrete characters (as all spectrally flowed Hilbert spaces must be taken 
into account for consistency) in the twisted Ramond ground state with r = — 1 over all possible spin 
values 1/2 ^ J ^ A;/2: 32 

k 

zMr)= ^ Chd(J,-l;r,z/) 



2J=1 



Note that because of supersymmetry, Z'^ only depends on left-moving states. We have also repackaged 
the result into the higher level Appell function, as is usually done [85]. This function is define for r G IK 
and e C with u + ve C/{I.t + Z): 

— ri^i^Kn 

Kk {u, v\T) = y' V u n ' « = e'"" ' ^ = e'"" ■ (D.4) 

1 — abq^ 

By resorting to the following identity for geometric series: 

— = ) ; . (D.5) 

1 — zkq"^ ^ 2y 

we can further cast this result into the well known Appell-Lerch sum of level 2k seen previously (3.31) 

Zt{u\r) = -z-^A,,{l,2. - fer|r)^^^ . (D.6) 

At this stage, it becomes quite obvious, from the mathematical perspective, that any proper derivation 
of the elliptic genus (D.l) necessary leads to completing (D.6) into a MaaB form. This computation has 
been carried out [46] and will be briefly presented in the following. 



'^Note that boundary representations must be included: we choose here to include the J = \ representation with weight 1 

fc+i " 



which is equivalent to summing over both J = {\, } with weights 5 
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Continuous representations: As shown [46], we can reformulate the elliptic genus (D.l) in terms of 
a path integral, consisting in a Ray-Singer torsion, a twisted fermion partition functions together with 
twisted bosonic zero modes. This path integral reads, in both Lagrangian and (after Poisson resumation) 
Hamiltonian formulation: 

^Jo Jo ^i{r,siT + S2- iu) 

(D.l) 



m,w 



In particular, the twist in the fermion partition function not only depends on the i?-charge but is also due 
the holonomies Si, i = 1, 2 of the gauge fields on the torus, which shift the left- and right-moving mo- 
menta (n — kw) I V2k and (n + kw) / \/2k. The bosonic zero modes too are twisted by these holonomies 
and thereby couple to the oscillators. 

At non-zero u the path integral (D.l) exhibits poles in the i?-f unction in the denominator which are 
not cancelled by zeros in the numerator, due to the infinite volume divergence of target-space. This di- 
vergence was regularised in holomorphic but non-modular invariant way in the partition function (2.24), 
in order to recover an expression which is interpretable in terms of discrete and continuous extended 
characters of SL{2,W)k/U{l). Following [46], the opposite choice will be made here, which is more 
natural from the elliptic genus perspective, as we expect this index to transform as Jacobi form. 

This regularisation procedure first assumes the range 1^1 < Ig^^z"^! and \z\ ~ 1, for which we 
can disentangle the contribution from discrete representations from that from states with continuous mo- 
menta. Ref. [46] then shows how the path integral (D.7) spMts into two pieces, the first one exactly repro- 
ducing the localised contribution (D.3). By this token, we can identify the remainder as the contribution 
from continuous representations in the following way. After redefining the right moment n = m + kw 
and introducing a continous momentum variable p to linearise the dependence in si, we obtain: 

In this expression, the right-moving fermionic and bosonic oscillators have cancelled leaving a mea- 
sure over the total right momentum. The integral in p over a continuum of states, weighted by the 
U (l)i?-charge and conformal weights, is evidence showing that the above expressions originates from 
non-localised states in the spectrum. To support this claim, can indeed be rephrased in terms of a 
combination of extended left-moving continuous SL{2,R)k/U{l) characters: 



p2, n2 

q-k+4k. (D.9) 



Contrary to what happens in the partition function (2.24) for example, the sum over the left U{1)r 
charges labeling these continuous representations is now weighted differently by right-moying bosonic 
zero modes with continuous momentum, this particular asymmetric structure clearly resulting from the 
non-holomorphic nature of Z^. 
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To make final contact with non-holomorphic Appell-Lech sums (3.46), we compute explicitly the 
integral over continuous momenta: 



/ 

Jr- 



ds 



2ip + n 



I (sgn (n + e) - ^(n^/f )) , (D.IO) 



the first term on the RHS of the equation being the contribution from continuous representations with 
momentum p — )• 0. 

Plugging expression (D.IO) back in (D.8), we recover the non-holomorphic completion (3.46) for 
the level 2k Appell-Lerch sum (D.6). By Putting together the contributions from both discrete (D.6) and 
continous (D.8) representations and by further using the elliptic transformations (3.48), we find the neat 
expression for the elliptic genus of the level k super-Liouville theory: 

Furthermore, a glance at the modular and elliptic properties of the non-holomorphic Appell-Lerch 
sums (3.47) and (3.48) shows that the elliptic genus (D.l 1) transforms as a Jacobi form of weight and 
index ^ - 



6 2 



dr + e 



«^ + ^^ e^-^-^i'^ Z,(Hr), for r M G SL{2,Z) , (D.12) 



dr + e J \d e. 



Zk{u + XT + fi\T) = e'^'^^^+f^'^q-^^ z-^^Zk{u\T), for A, G fcZ . (D.13) 

In particular, the modular transformations of are those expected from the boundary conditions on 
the path integral and the factorisation of the C/(l)ij current algebra. Also, the fact that the elUptic 
transformations (D.13) hold for fi ^ kZis a consequence of of 1/k quantisation of the U{l)ji charges 
in the NS sector of the theory, while the restriction A G /cZ is related to the expression of the elliptic 
genus in terms of extended SL{2, R)k/U (1) characters, which are constructed by summing over k units 
of spectral flow (see Appendix A.2). This explains why the index of this non-holomorphic Jacobi form 
is in fact k-^<^/6 rather than c/e as one would naively think from the transformations (D.12)-(D.13) 

E Details of 50(28) and U(1)r threshold calculations for Q5 = fc/2 
E.l Bulk state contributions to the 50(28) threshold corrections 

We consider the contribution to the 50(28) threshold corrections coming from continuous SL{2, R)k/U{l) 
representations, cf. eq. (4.17): 

J=l m=0 ' 
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In the following we demonstrate how to derive the second Une of formua (4.17). For ^ G 2N + 1 and 
J = 1, |, we have: 

e-i 



l5:e-f,-i(^-^)>(^-j)i + f|r) 



m=0 



neZ 



1 

t ^ g-27ri(n+l)^ 



m=0 



(sgn(n + 1) - £;( [n + 1 + ^(1 - 2J)] y^)) g-§(n+i+^(i-2J))^ 

E(-)" E ^n,-i raoai (sgn(n + 1 ) - S( [n + 1 + ^(1 - 2 J)] ^2^)) g-K^+^+^d-^^))^ 
nez r-ez 

^ ( sgn(rf- i) -sgn (rf + ^(1 - 2J))^ + (E.2a) 



+(-)^'-isgn(r^ + ^(1 - 2J)) erfc (|r£ + ^(1 - 2J)|x/2^)) g-5(^'^+^(i-2-/))^ 
^(-)'-+isgn(r - i) erfc(i|fer + 1 - 2J|V2^) g-^^'^^'+i-^^)' 



reZ 



= ^(-)"sgn(n + i) erfc(J^|fcn + l + k- 2J\V2^) q-Jk(kn+i+k-2j)^ _ 
nez 

This is the expression appearing on the second line of eq. (4.17). 

E.2 The U{1)r threshold corrections 

We give the details of the computation of the second derivative 



Wl+(^-^)i + ¥ + T'I + 



li/=0 



(E.3) 



appearing in expression (4.48). First we use relation (3.45), to compute the directional derivative for 

'f2{u + e,v + e) — 'jl{u,v) r]^'di{u + v) „/ 21: rf 'di{u + v) 



Ywxi 

e^o e ^l{u)dl{y) 

For (a, 6) ^ (1, 1), we use (E.4) to compute: 



^i(O) 



dl{u)dl{v) 



(E.4) 



1^ 



u , (a-l)r+(b-l) 



v=0 



27rr?^ d_ 



;?l(2» + - .7)1 + lAi + (g - 1)- + (b - 1)) 



u=0 



27lV 



(-) 



a+b 



d_ 
du 



^i(2n+(^- J)f + f) 

^,{2u+{i±^-j)j + f) 



u=0 



u=0 



(E.5) 
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In the last line we used the fact that ??'(0) = for i = 2, 3, 4. 
Notice that for ^ + Z) r + ^ + Z, we have: 



d_ 

du 



^i{2u + 5) 



d 



v=S 



To obtain the final identity we used (C.7) and (C.8). 
Plugging (E.6) into (E.5), we get for (a, b) / (1, 1): 



ea+i 

2 



b-1 .m V . (a-l)T+(b-l) | 



Sjrrf ((^ - + 7l^) ^^J ((^ 'J)l + f\r) 



which is the expression appearing on the second Une of (4.48). 



F 50(28) threshold corrections for Q5 = 1 

Hereafter, we give the detailed evaluation of the threshold correction (4.43): 



A 



50(28) 



[1] 



1 /■ d^r 

J T2 



^2,2{T, U) ^50(28) 



using the orbit method. 



F.l Zero orbits 

The zero orbit contribution reads: 

A50(28) = -T •^SO{28) ■ 

° jy T^2 

To evaluate it, we split the modified elliptic genus (4.43) 

^50(28) = ^(^3(4] + iflux) , 

in terms of the modified elhptic genus of K3 (3.16) and the flux contribution: 



AK3[t]=- 



12r) 



24 



£"2 -Bio 



12 + t^2_ 12-t^3 



24 



24 



F(£?2-E'8 — -Bio) 



12r?' 



,21 



both of which are separately modular invariant. 



Stokes theorem for modular integrals: to compute integrals of the type: 



r dV ^ 
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for $ a holomorphic modular form of weight w = — 2r, we use the fact that: 

dfE2 = (F.6) 
27rr| 

and that the measure on !K can be rewritten as dri A dr2 = ^dr A dr, to recast the integral as fol- 
lows [133]: 



3(r + 

-4— lim / ' (^2)^+^$ = lim (^2)^+^^1,0 (F.7) 



TT 



■ (constant term of (£^2)'"'^^) 



3(r + 1) 

where we have used Stoke's theorem in the first hne, and we have introduced a cutoff on the fundamental 
domain: Fy, = {|ri| ^ \, |r| ^ 1, ^ T2 ^ w}. 

For instance, for a holomorphic modular form with expansion Q{t) = Yl'^^=-i ^n^" we have: 

Ir{Q) = 3^;:^(co - 24(r + l)c_i) . (F.8) 

K3 contribution 

To compute the modular integral (F.2) for the K3 contribution (F.4), we rewrite: 

-4k3[4] = -^(e2Qi-Q2) (F.9) 
in terms of modular forms with at most a pole of order one: 



Qi(r) = = i - 240 - 141444^ - 8529280g2 + 0{q^) , 



rj^-* q 

Q2(r) = — ^ T". ^ = - - 408 + 196884^ + 21493760^2 + O(g^) . 
377"^* q 



(F.IO) 



The K3 contribution to the zero orbit integral can now be computed by formula (F.8): 

= § ^ ^ AksI^] = ihiQi) - HQ2)) =-ln. (F.U) 

Flux contribution 

Next, the flux contribution to the zero orbit integral reads: 
in terms of the integral: 



hu.= I^^F\^--^^ j . (F.13) 
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The integrand is a weight MaaB form, as F has weight 1/2: 

F{t) = F{t) - 6R{t) 

with a Mock modular piece with Fourier expansion: 

4 



i=2 

and a non-holomorphic completion given by: 

00 

q^/^R{T) = 2^(-)"erfc((n + i)V2^)g-^"("+i) . 



(F.14) 



(F.15) 



(F.16) 



n=0 



The shadow of F is the same as for 12 /i(r, u), the non-holomorphic completion of the Appell function. 
More precisely, we have: 



v{t)_ 

T2 



(F.17) 



Computation of //: we use the pocedure outhned above to compute the integral (F.13). We rewrite 



^ [ a2 iE2fEs - 2E2E10 



gr dr 



,21 



-'flux ^ -'flux ) 



(F.18) 



where the /j are obtained by integration by parts. The first one is easily computed by using the proce- 
dure (F.7): 



I'. 



vr 



d 



{E2)'^E^ — 2E2E10 

„21 



TT 

6 



' (-£2)^-^8 ~ 2E2E- 



10 



n 



21 



1727r (F.19) 



where we have used 



^^if^'^ = 1 _ 312 - 123180 q + 1424120 q^ + O(q^) , 
F[E2)'^Es 1 



(F.20) 



21 



= - + 408 + 28020 q - 3068680 q^ +0 (q^) . 



The second integral I2 requires more care. Using the definition of the shadow (F.17), it can be cast into 
the following form: 



r// _ ^ f dF ({E2fE^-2E2Eio 
-'flux — — / a r 



3i 



df 



^21 



-V27r / ^ {V^VV)^ ( 

J J '^2 ^ 



3 / {E2f'E^ — 2E2E10 



(F.21) 



^24 



407r, 



'2 ^ T 

this integral having been computed in [98], eq.(4.25) therein, by a method developed in [97]. As outlined 
in section 5.2, this yields the result: 



-fflux = 2127r 



^flux^ 537r 
144 



(F.22) 
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Zero orbit result 

Putting together (F.l 1) and (F.22) we obtain: 



F.2 Degenerate orbits 

The contribution from degenerate orbits is evaluated over the strip S = | — i^ri|<l/2, T2^0}: 

To compute this integral we now choose to decompose the modified elhptic genus according to discrete 
and continuous 5^(2, M)fc/C^ (1) representations: 

.^50(28) = -^50(28) + '^'^ ■ (F-25) 

The contribution from the discrete spectrum of states can be expanded as: 



A' 



d _ ^ 

SO (28) 72 r;24 



E2E10 — o-Eg — o-E'4 — 1] F{E2Es — £^10) 



(F.26) 
2Q 

= 8- — +0(g). 

7rr2 

Notice that there is a subtle cancellation so that this expression does even have a 'dressed' pole (r2(?)~^, 
unlike K3 models. Defining the Fourier expansion: 

^i/8„2i = ' ^175151 = ^2(n)g . (F.27) 

y ' n=0 ^ ' n=-l 

the 'zero mode' contribution in TZ*^ reads: 

^^1.0 = -^f;erfc((n + 1)V2^) L(^) - ;^d2(^)) . (F.28) 

n=0 ^ 2 / 

When we integrate (F.24) first over ri, only the 0{q^) contributions (F.26) and (F.28) survive. Then using 
uniform and absolute convergence of the exponential sum we obtain: 



(j,p)^(0,0) 
^ 00 

-^erfc((n + i)V2^) 



6 

n=0 



7rr2 



(F29) 



We can evaluate the first fine of (F.29) by using the integrals: 



(j,P)7^(0,0) 
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Combining the ensuing E{U, 1) and E{U, 2) contributions we get from (F.29) we obtain the second and 
third terms on the first line of (5.5), which are the degenerate orbit contributions of localised states. 
Notice that the real analytic Eisenstein series E{U,1) needs to be regularised: 



E{U, 1) = -f (log \vm^ + log (/^' T2 U2)) + 7 



(F.31) 



with fi^ an IR regulator and 7 a renormaUsation scheme dependent constant. This is expression we use 
in (5.5). 

The bulk state contributions on the second line of (F.30) is treated in details in (5.19)-(5.22) et seq. . 



F.3 Non-degenerate orbits 

We compute the non-degenerate orbit contribution to the SO{28) threshold: 



A' 



non-deg 
50(28) 



2 k>j>Opy^O 



27zkpiT-^\kT-j-pU\'^ 



^SO(28) • 



(F.32) 



The holomorphic part of the above modified elliptic genus is defined in terms of the following Fourier 
expansions: 

00 



--^ \e2Eio - lEi - i^l - ri^F{E2Es - Eio)] = ^ ci(n)g" , 



-^10 — rf'FE^ 



n=0 

CXD 



(F.33) 



24 
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Expanding the complementary error function in powers of T2. 

erfc((n+ ^)A/27rr2) = 1 - ^(-)'"e„,^r™ ^ ^ ^i^h en,m 
and performing the Gaussian integral over ri in (F.32) we get: 
A" 



n=0 



TT- (V2(n + i)) 



l.x 2m+l 



ml 



m + i 



(F.34) 



_ V?W2 
■■50(28) - 24 



, non-deg 



fc>i>0 p^O 



E 



ci(ra) 



3/2 

2 

C2(n) 



47rr2 

00 

^(_)" ^ g27rj(m-|n(n+l))(i+fiil) 



n=0 



°° 131 



d\{m) d2{m) 

TTT2 

vrTj ( , m-^n(n+l) C/j 



C2 



^2 



^V'T2U2 
T"2 



(F.35) 



To evaluate the first two Unes of the integral in (F.35), we use the integrals: 

d 



Jr{a, b) 



■ e ^ 



X'2 



+r 



dh 



Jo{a,b) 



(F.36) 



\ db J ^/a 



(^^y ^ K^_l{2^/^) , reN, Rea,Re6>0 
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given in terms of the modified Bessel functions of the second kind Ka{z) defined (5.34). The integrals 
of interest here are in particular: 



Ji(a,6) 



b 



(F.37) 



Contribution of discrete representations: the first line of (F.35) gives the localised contribution to 
the non-degenerate orbit integral, which can be evaluated using (F.37): 



» non-deg d _ J_ \ ^ \ ^ 1 2nikpT I \ " 



fe>j>Op>0 



ci(n) 



k 



-C2{n) 



kpT2 ^ Att 



= - y. y- 

k>j>Op>0 ^ 

with the modular invariant operator: 



n 

fi-KiT ( ^d 



n + 



k 



2npU2_ 
1 



C2(n) e- 



-I- c.c. 



(F.38) 



□ = uidudu 



(F.39) 



Contribution of continuous representations: the last two lines of (F.35) are the contributions of bulk 
states to the non-degenerate orbit integral. They can be evaluated using (F.37) for the second line while 
using 

- e-"^-^ = 2 ' Kr{2\fd)) = -2 KQ{2\fd)) , (F40) 

for the third line of eq. (F.35). This leads to expression (5.30) discussed earlier. 
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